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Concepts and processes in High Energy Astrophysics

1. What is High Energy Astrophysics?

2. Radiation and emission from energy astrophysical processes

3. Origins and interactions of high energy charged particles

Research applications

4. High energy phenomena in and around star-forming galaxies 
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Suggested reading
• Radiative Processes in Astrophysics, Rybicki & Lightman

• Radiative Processes in High Energy Astrophysics, Ghisellini 

• High Energy Radiation from Black Holes, Dermer & Menon
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1. What is High Energy Astrophysics?
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Definitions
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• Wikipedia: “The study of astronomical objects that release electromagnetic radiation of 
highly energetic wavelengths”

• Princeton Astro dept.: “High-energy astrophysics studies the Universe at the extreme”



The sky at different energies
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What is high energy radiation?
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(Inoue 2014)



What systems are high energy?
What is the origin of the radiation?
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• Active galactic nuclei (blazars, high-energy jets, SMBHs)

• Supernovae and their remnants

• Black holes, neutron stars, … (“stellar end-products”)

• Star-forming galaxies?

• Our galaxy…?

Credit: Hughes et al. (Rutgers) NASA/CXC/SAO

Origin:
• Violent environments/events

• Emitted by high energy particles

• Emitted by hot baryons

Cas A Supernova remnant



2. Radiation and emission from high 
energy astrophysical processes
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Radiation in astrophysics - concepts

11

Introducing radiative flux: rate of radative energy passing through an area

Consider parallel rays passing through an area dA normal to their direction

<latexit sha1_base64="6SRGonRIpM/UaOYf3V1uBpMp6hI=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6rXjxWsB/QLiWbzbahSXZNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8IOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8CaciZp0zDDaSdRFIuA03Ywup367SeqNIvlgxkn1Bd4IFnECDZW6mQ9JVA4ue6XK27VnQEtEy8nFcjR6Je/emFMUkGlIRxr3fXcxPgZVoYRTielXqppgskID2jXUokF1X42u3eCTqwSoihWtqRBM/X3RIaF1mMR2E6BzVAvelPxP6+bmujKz5hMUkMlmS+KUo5MjKbPo5ApSgwfW4KJYvZWRIZYYWJsRCUbgrf48jJpnVW9i+r5fa1Sv8njKMIRHMMpeHAJdbiDBjSBAIdneIU359F5cd6dj3lrwclnDuEPnM8fwJ6Pyg==</latexit>

dA

Amount of energy passing through dA by all rays:

<latexit sha1_base64="Heapme2gVQEB9SZMn6bAlA94jLE=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARdFMSFRVEqIrisoK9QBPKZDJph04mYWYilJBncOOruHGhiFtX7nwbp20Ebf1h4OM/53Dm/F7MqFSW9WUUZmbn5heKi6Wl5ZXVNXN9oyGjRGBSxxGLRMtDkjDKSV1RxUgrFgSFHiNNr385rDfviZA04ndqEBM3RF1OA4qR0lbH3LuGZ9AJBMJp6ogQ+tlV9kPn0DmFOausY5atijUSnAY7hzLIVeuYn44f4SQkXGGGpGzbVqzcFAlFMSNZyUkkiRHuoy5pa+QoJNJNRydlcEc7PgwioR9XcOT+nkhRKOUg9HRniFRPTtaG5n+1dqKCEzelPE4U4Xi8KEgYVBEc5gN9KghWbKABYUH1XyHuIZ2P0imWdAj25MnT0Niv2EeVg9vDcvUij6MItsA22AU2OAZVcANqoA4weABP4AW8Go/Gs/FmvI9bC0Y+swn+yPj4BsHvnO4=</latexit>

F =
dE

dA dt

<latexit sha1_base64="GEBCLWqEckhCpolNbvMmdTV2xgQ=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjMqKohQFcVlBfuAzlAymbQNzWSG5I5Qhn6AG3/FjQtF3PoB7vwb03ZArR4InJxzLsk9fiy4Btv+tHIzs3PzC/nFwtLyyupacX2jrqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMPvX4z8xh1TmkfyFgYx80LSlbzDKQEjtYul1FUhDoaX+BRfuSc4u57hbw4mZZftMfBf4mSkhDJU28UPN4hoEjIJVBCtW44dg5cSBZwKNiy4iWYxoX3SZS1DJQmZ9tLxMkO8Y5QAdyJljgQ8Vn9OpCTUehD6JhkS6OlpbyT+57US6Bx7KZdxAkzSyUOdRGCI8KgZHHDFKIiBIYQqbv6KaY8oQsH0VzAlONMr/yX1vbJzWN6/OShVzrM68mgLbaNd5KAjVEHXqIpqiKJ79Iie0Yv1YD1Zr9bbJJqzsplN9AvW+xeuHpmB</latexit>

dE = F dA dt

<latexit sha1_base64="+v//AaQAsmpajqy8JNP8WlE4Cr8=">AAACEXicbVDLSsNAFJ34rPUVdelmsAjdWJIqKrgpunFZwT6giWUynbRDZ5IwMxFKyC+48VfcuFDErTt3/o2TNIK2Hhg495x7uXOPFzEqlWV9GQuLS8srq6W18vrG5ta2ubPblmEsMGnhkIWi6yFJGA1IS1HFSDcSBHGPkY43vsr8zj0RkobBrZpExOVoGFCfYqS01DervcQRHBIxTJ2LnGKe3iVH9Z9SZpWdun2zYtWsHHCe2AWpgALNvvnpDEIccxIozJCUPduKlJsgoShmJC07sSQRwmM0JD1NA8SJdJP8ohQeamUA/VDoFyiYq78nEsSlnHBPd3KkRnLWy8T/vF6s/HM3oUEUKxLg6SI/ZlCFMIsHDqggWLGJJggLqv8K8QgJhJUOsaxDsGdPniftes0+rR3fnFQal0UcJbAPDkAV2OAMNMA1aIIWwOABPIEX8Go8Gs/Gm/E+bV0wipk98AfGxzfhgZ0M</latexit>

[erg cm�2 s�1]



Radiation in astrophysics - concepts
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Specific intentisty (brightness): measure of energy flow by rays of radiation

<latexit sha1_base64="pasicpRVIUA/uKTePRHN8gzN8x0=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqeyqqMeiF29WsB/QXUo2O21Dk+yaZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TRaFBYx6rdkg0cCahYZjh0E4UEBFyaIXD26nfGoHSLJaPZpxAIEhfsh6jxFgpyHwlcDTx7wX0SbdccavuDHiZeDmpoBz1bvnLj2KaCpCGcqJ1x3MTE2REGUY5TEp+qiEhdEj60LFUEgE6yGZHT/CJVSLci5UtafBM/T2REaH1WIS2UxAz0IveVPzP66Smdx1kTCapAUnni3opxybG0wRwxBRQw8eWEKqYvRXTAVGEGptTyYbgLb68TJpnVe+yev5wUand5HEU0RE6RqfIQ1eohu5QHTUQRU/oGb2iN2fkvDjvzse8teDkM4foD5zPH5rLkgA=</latexit>

d⌦

Consider an area dA normal to the direction of a single ray (R1)

Take all the rays passing through dA with a direction within a solid angle d! of R1 

<latexit sha1_base64="6SRGonRIpM/UaOYf3V1uBpMp6hI=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6rXjxWsB/QLiWbzbahSXZNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8IOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8CaciZp0zDDaSdRFIuA03Ywup367SeqNIvlgxkn1Bd4IFnECDZW6mQ9JVA4ue6XK27VnQEtEy8nFcjR6Je/emFMUkGlIRxr3fXcxPgZVoYRTielXqppgskID2jXUokF1X42u3eCTqwSoihWtqRBM/X3RIaF1mMR2E6BzVAvelPxP6+bmujKz5hMUkMlmS+KUo5MjKbPo5ApSgwfW4KJYvZWRIZYYWJsRCUbgrf48jJpnVW9i+r5fa1Sv8njKMIRHMMpeHAJdbiDBjSBAIdneIU359F5cd6dj3lrwclnDuEPnM8fwJ6Pyg==</latexit>

dA

R1 

<latexit sha1_base64="/KLQWo3A1kJ92oodOdSrGTtom18=">AAACMnicbZDLSgMxFIYz9VbrrerSTbAIrsqMigoiVEWwKyvYC3RKyWQybWiSGZKMUIZ5Jjc+ieBCF4q49SFM21nU6g+Bj/+cw8n5vYhRpW371crNzS8sLuWXCyura+sbxc2thgpjiUkdhyyULQ8pwqggdU01I61IEsQ9Rpre4GpUbz4QqWgo7vUwIh2OeoIGFCNtrG6xmriSQz+9huew2k1cEafQPYOZezHFeordW056aNoQcbdYssv2WPAvOBmUQKZat/js+iGOOREaM6RU27Ej3UmQ1BQzkhbcWJEI4QHqkbZBgThRnWR8cgr3jOPDIJTmCQ3H7vREgrhSQ+6ZTo50X83WRuZ/tXasg9NOQkUUayLwZFEQM6hDOMoP+lQSrNnQAMKSmr9C3EcSYW1SLpgQnNmT/0LjoOwclw/vjkqVyyyOPNgBu2AfOOAEVMANqIE6wOARvIB38GE9WW/Wp/U1ac1Z2cw2+CXr+wcou6hW</latexit>

dE = I⌫ dA dt d⌦ d⌫

The total energy in these rays crossing dA in a time dt in a frequency range dv is

<latexit sha1_base64="yZ/sv1psbi1cmuhSU2Xojt3ptow="></latexit>

I⌫ =
dE

dA dt d⌦ d⌫

<latexit sha1_base64="FWOW07E9PRQJRislQJms41Uj9OE=">AAACL3icbVDLSgMxFM34rPU16tJNsAhuLDNVVHBTFKTLCvYB7VgyadqGJpkhyQh1mD9y4690I6KIW//CtB3Ftl4InMe93Nzjh4wq7Tiv1sLi0vLKamYtu76xubVt7+xWVRBJTCo4YIGs+0gRRgWpaKoZqYeSIO4zUvP71yO/9kCkooG404OQeBx1Be1QjLSRWvZNI25KDonsJs3LMcQ8uY+PCz9UjZj7y+QULT1OqNeyc07eGRecB24KciCtcsseNtsBjjgRGjOkVMN1Qu3FSGqKGUmyzUiREOE+6pKGgQJxorx4fG8CD43Shp1Amic0HKt/J2LElRpw33RypHtq1huJ/3mNSHcuvJiKMNJE4MmiTsSgDuAoPNimkmDNBgYgLKn5K8Q9JBHWJuKsCcGdPXkeVAt59yx/cnuaK16lcWTAPjgAR8AF56AISqAMKgCDJzAEb+DderZerA/rc9K6YKUze2CqrK9vIJCpGw==</latexit>

[erg cm
�2

s
�1

sr
�1

Hz
�1

]

Energy flow of radition along a line



Radiative transfer
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General setup

<latexit sha1_base64="cF9vH9pO6NFp7XIgdneZhMLcSlg=">AAACKnicbVDNS8MwHE3n15xfVY9egkMQxNGqqBdh6kVvE9wHrGWkWbrFpWlJUmGU/j1e/Fe87KAMr/4hZmsF3XwQeHnv/Uh+z4sYlcqyxkZhYXFpeaW4Wlpb39jcMrd3GjKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0BrcTv/lMhKQhf1TDiLgB6nHqU4yUljrmteMLhJPEEQHspvedxOFxmv7cZQqv4LGDWNRHmQXzCDyCTxnrmGWrYk0B54mdkzLIUeuYI6cb4jggXGGGpGzbVqTcBAlFMSNpyYkliRAeoB5pa8pRQKSbTFdN4YFWutAPhT5cwan6eyJBgZTDwNPJAKm+nPUm4n9eO1b+pZtQHsWKcJw95McMqhBOeoNdKghWbKgJwoLqv0LcR7o7pdst6RLs2ZXnSeOkYp9XTh/OytWbvI4i2AP74BDY4AJUwR2ogTrA4AW8gXfwYbwaI2NsfGbRgpHP7II/ML6+AZIvp/E=</latexit>

dI⌫
ds

= �↵⌫I⌫ + j⌫

<latexit sha1_base64="kwDZ6r/lnt32hx36bvaTvDJaJB4=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXRT0GvegtgnlAdllmJ5NkyOzsMg8hLPkNLx4U8erPePNvnCR70MSChqKqm+6uKOVMadf9dgorq2vrG8XN0tb2zu5eef+gpRIjCW2ShCeyE2FFORO0qZnmtJNKiuOI03Y0up367ScqFUvEox6nNIjxQLA+I1hbyb8PM1+YSVWF7mlYrrg1dwa0TLycVCBHIyx/+b2EmJgKTThWquu5qQ4yLDUjnE5KvlE0xWSEB7RrqcAxVUE2u3mCTqzSQ/1E2hIazdTfExmOlRrHke2MsR6qRW8q/ud1je5fBxkTqdFUkPmivuFIJ2gaAOoxSYnmY0swkczeisgQS0y0jalkQ/AWX14mrbOad1k7f7io1G/yOIpwBMdQBQ+uoA530IAmEEjhGV7hzTHOi/PufMxbC04+cwh/4Hz+AD6TkSw=</latexit>

I⌫(s0) <latexit sha1_base64="N9+zTgyMrl+Cb9Bn9gzPeaF2WOE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK9gPaUDbbSbt2swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVZqPfayrkwnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9m5E3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6e+kzxUyI8aWUKa4vZWwIVWUGZtQyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgBM/wCm9O4rw4787HvLXg5DOH8AfO5w+lXo/I</latexit>

j⌫

<latexit sha1_base64="4xMZoGYwvzG4MP1tEe7jtbH/swk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+m5vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1Wz+8vKrWbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gAFKo2i</latexit>s0 <latexit sha1_base64="Ur3bwuRHFK2CUZPXmyn78fHISgA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVda9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzUL8vV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4UGM/w==</latexit>s

<latexit sha1_base64="IBxBcCRMK1iNG090GApZE/7R8rU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqqMegF71FMA9MljA7mSRDZmeXmV4hLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMY3kz8xhPXRkTqAUcx90PaV6InGEUrPd510rZKxiVz0ikU3bI7BVkkXkaKkKHaKXy1uxFLQq6QSWpMy3Nj9FOqUTDJx/l2YnhM2ZD2ectSRUNu/HR68ZgcW6VLepG2pZBM1d8TKQ2NGYWB7QwpDsy8NxH/81oJ9q78VKg4Qa7YbFEvkQQjMnmfdIXmDOXIEsq0sLcSNqCaMrQh5W0I3vzLi6R+WvYuymf358XKdRZHDg7hCErgwSVU4BaqUAMGCp7hFd4c47w4787HrHXJyWYO4A+czx8T+JCJ</latexit>

I⌫(s)

Consider the intensity of a ray as it propagates from some a source at s0 to an 
observer at s through a medium that can absorb/scatter and emit radiation

absorption
<latexit sha1_base64="o0wx5R03T5uBeHfRuOiFzlUc24w=">AAACAXicbZDLSsNAFIYn9VbrLepGcBMsQt2UREUFN0U3uqtgL9CEcDKdtEMnkzAzEUqoG1/FjQtF3PoW7nwbp20W2vrDwMd/zuHM+YOEUals+9soLCwuLa8UV0tr6xubW+b2TlPGqcCkgWMWi3YAkjDKSUNRxUg7EQSigJFWMLge11sPREga83s1TIgXQY/TkGJQ2vLNPRdY0gc/c3k6ci9vp1CRR75Ztqv2RNY8ODmUUa66b3653RinEeEKM5Cy49iJ8jIQimJGRiU3lSQBPIAe6WjkEBHpZZMLRtahdrpWGAv9uLIm7u+JDCIph1GgOyNQfTlbG5v/1TqpCi+8jPIkVYTj6aIwZZaKrXEcVpcKghUbagAsqP6rhfsgACsdWkmH4MyePA/N46pzVj25Oy3XrvI4imgfHaAKctA5qqEbVEcNhNEjekav6M14Ml6Md+Nj2low8pld9EfG5w9chZbV</latexit>

↵⌫ I⌫(s)

Radiative transfer equation
(1st order DE; 1 BC)

emission



Radiative transfer
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Case 1: trivial scenario - no emission/absorption

<latexit sha1_base64="cF9vH9pO6NFp7XIgdneZhMLcSlg=">AAACKnicbVDNS8MwHE3n15xfVY9egkMQxNGqqBdh6kVvE9wHrGWkWbrFpWlJUmGU/j1e/Fe87KAMr/4hZmsF3XwQeHnv/Uh+z4sYlcqyxkZhYXFpeaW4Wlpb39jcMrd3GjKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0BrcTv/lMhKQhf1TDiLgB6nHqU4yUljrmteMLhJPEEQHspvedxOFxmv7cZQqv4LGDWNRHmQXzCDyCTxnrmGWrYk0B54mdkzLIUeuYI6cb4jggXGGGpGzbVqTcBAlFMSNpyYkliRAeoB5pa8pRQKSbTFdN4YFWutAPhT5cwan6eyJBgZTDwNPJAKm+nPUm4n9eO1b+pZtQHsWKcJw95McMqhBOeoNdKghWbKgJwoLqv0LcR7o7pdst6RLs2ZXnSeOkYp9XTh/OytWbvI4i2AP74BDY4AJUwR2ogTrA4AW8gXfwYbwaI2NsfGbRgpHP7II/ML6+AZIvp/E=</latexit>

dI⌫
ds

= �↵⌫I⌫ + j⌫

<latexit sha1_base64="kwDZ6r/lnt32hx36bvaTvDJaJB4=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXRT0GvegtgnlAdllmJ5NkyOzsMg8hLPkNLx4U8erPePNvnCR70MSChqKqm+6uKOVMadf9dgorq2vrG8XN0tb2zu5eef+gpRIjCW2ShCeyE2FFORO0qZnmtJNKiuOI03Y0up367ScqFUvEox6nNIjxQLA+I1hbyb8PM1+YSVWF7mlYrrg1dwa0TLycVCBHIyx/+b2EmJgKTThWquu5qQ4yLDUjnE5KvlE0xWSEB7RrqcAxVUE2u3mCTqzSQ/1E2hIazdTfExmOlRrHke2MsR6qRW8q/ud1je5fBxkTqdFUkPmivuFIJ2gaAOoxSYnmY0swkczeisgQS0y0jalkQ/AWX14mrbOad1k7f7io1G/yOIpwBMdQBQ+uoA530IAmEEjhGV7hzTHOi/PufMxbC04+cwh/4Hz+AD6TkSw=</latexit>

I⌫(s0)

<latexit sha1_base64="4xMZoGYwvzG4MP1tEe7jtbH/swk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+m5vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1Wz+8vKrWbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gAFKo2i</latexit>s0 <latexit sha1_base64="Ur3bwuRHFK2CUZPXmyn78fHISgA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVda9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzUL8vV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4UGM/w==</latexit>s

<latexit sha1_base64="IBxBcCRMK1iNG090GApZE/7R8rU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqqMegF71FMA9MljA7mSRDZmeXmV4hLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMY3kz8xhPXRkTqAUcx90PaV6InGEUrPd510rZKxiVz0ikU3bI7BVkkXkaKkKHaKXy1uxFLQq6QSWpMy3Nj9FOqUTDJx/l2YnhM2ZD2ectSRUNu/HR68ZgcW6VLepG2pZBM1d8TKQ2NGYWB7QwpDsy8NxH/81oJ9q78VKg4Qa7YbFEvkQQjMnmfdIXmDOXIEsq0sLcSNqCaMrQh5W0I3vzLi6R+WvYuymf358XKdRZHDg7hCErgwSVU4BaqUAMGCp7hFd4c47w4787HrHXJyWYO4A+czx8T+JCJ</latexit>

I⌫(s)
absorption

emission

<latexit sha1_base64="NEnvXvEUqhc89/8thuUBZvJD/Ts=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lU1ItQ9OKxgv2AppTJdtsu3WzC7qZQQv+JFw+KePWfePPfuG1z0OqDgcd7M8zMCxPBtfG8L6ewsrq2vlHcLG1t7+zuufsHDR2nirI6jUWsWiFqJrhkdcONYK1EMYxCwZrh6G7mN8dMaR7LRzNJWCfCgeR9TtFYqeu6AYpkiN0skOmU3BCv65a9ijcH+Uv8nJQhR63rfga9mKYRk4YK1Lrte4npZKgMp4JNS0GqWYJ0hAPWtlRixHQnm18+JSdW6ZF+rGxJQ+bqz4kMI60nUWg7IzRDvezNxP+8dmr6152MyyQ1TNLFon4qiInJLAbS44pRIyaWIFXc3kroEBVSY8Mq2RD85Zf/ksZZxb+snD9clKu3eRxFOIJjOAUfrqAK91CDOlAYwxO8wKuTOc/Om/O+aC04+cwh/ILz8Q2S3pL4</latexit>

↵⌫ = 0
<latexit sha1_base64="Dkdug3lMea+8eWFPUST2BnAeB3w=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KomKehGKXjxWsB+QhrLZbtu1m03YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkgNl0LxOgqUvJVoTqNQ8mY4vJ34zSeujYjVA44SHkS0r0RPMIpW8h87WVulY3JN3E6p7FbcKcgi8XJShhy1Tumr3Y1ZGnGFTFJjfM9NMMioRsEkHxfbqeEJZUPa576likbcBNn05DE5tkqX9GJtSyGZqr8nMhoZM4pC2xlRHJh5byL+5/kp9q6CTKgkRa7YbFEvlQRjMvmfdIXmDOXIEsq0sLcSNqCaMrQpFW0I3vzLi6RxWvEuKmf35+XqTR5HAQ7hCE7Ag0uowh3UoA4MYniGV3hz0Hlx3p2PWeuSk88cwB84nz9MdpCd</latexit>

j⌫ = 0

<latexit sha1_base64="y4m6pf1EpwzbVOOVyeVjrf34sdk=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqBuh6EZ3FewDOkPJpJk2NJMZkoxQhvkAN/6KGxeKuPUD3Pk3pu0I2nogcHLOuST3+DFnStv2l1VYWFxaXimultbWNza3yts7TRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35w6ux37qnUrFI3OlRTL0Q9wULGMHaSN1yxQ0kJmnqyhD1sptu6ooky37uKkMXyDYpu2pPgOaJk5MK5Kh3y59uLyJJSIUmHCvVcexYeymWmhFOs5KbKBpjMsR92jFU4JAqL50sk6EDo/RQEElzhEYT9fdEikOlRqFvkiHWAzXrjcX/vE6ig3MvZSJONBVk+lCQcKQjNG4G9ZikRPORIZhIZv6KyACbdrTpr2RKcGZXnifNo6pzWj2+PanULvM6irAH+3AIDpxBDa6hDg0g8ABP8AKv1qP1bL1Z79NowcpnduEPrI9vvPubZg==</latexit>

dI⌫
ds

= 0

<latexit sha1_base64="yd88I4KRpouQ7iQVFi8s6rhBtlw=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMQm7CrojZC0Ea7COYBSQizk0kyZGZ2mbkrhGULG3/FxkIRWz/Czr9x8ig08cCFwzn3cu89QSS4Ac/7djJLyyura9n13Mbm1vaOu7tXM2GsKavSUIS6ERDDBFesChwEa0SaERkIVg+G12O//sC04aG6h1HE2pL0Fe9xSsBKHTd/20laKk6L5ghf4qSlJaahMkAUpB234JW8CfAi8WekgGaodNyvVjeksWQKqCDGNH0vgnZCNHAqWJprxYZFhA5JnzUtVUQy004mT6T40Cpd3Au1LQV4ov6eSIg0ZiQD2ykJDMy8Nxb/85ox9C7aCVdRDEzR6aJeLDCEeJwI7nLNKIiRJYRqbm/FdEA0oWBzy9kQ/PmXF0ntuOSflU7uTgvlq1kcWZRHB6iIfHSOyugGVVAVUfSIntErenOenBfn3fmYtmac2cw++gPn8wfcV5ee</latexit>

I⌫(s) = constant
<latexit sha1_base64="huIbR9RQRXWEEI83fAs6wjfcMX0=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2AR2k2ZUVE3QtGN7irYB7RlyKRpG5rJDElGKENx46+4caGIW7/CnX9j2g6irQcunJxzL7n3+BFnSjvOl5VZWFxaXsmu5tbWNza37O2dmgpjSWiVhDyUDR8rypmgVc00p41IUhz4nNb9wdXYr99TqVgo7vQwou0A9wTrMoK1kTx778ZLWiIeFVQRXaCfh+cUPTvvlJwJ0DxxU5KHFBXP/mx1QhIHVGjCsVJN14l0O8FSM8LpKNeKFY0wGeAebRoqcEBVO5mcMEKHRumgbihNCY0m6u+JBAdKDQPfdAZY99WsNxb/85qx7p63EyaiWFNBph91Y450iMZ5oA6TlGg+NAQTycyuiPSxxESb1HImBHf25HlSOyq5p6Xj25N8+TKNIwv7cAAFcOEMynANFagCgQd4ghd4tR6tZ+vNep+2Zqx0Zhf+wPr4Bif7lf8=</latexit>

I⌫(s) = I⌫(s0)



<latexit sha1_base64="53nd2SXjhADXyMNKsdgECiRbQEM="></latexit>

I⌫(s) = I⌫(s0) +

Z s

s0

j⌫(s
0)ds0
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Case 2: no absorption along line of sight

<latexit sha1_base64="cF9vH9pO6NFp7XIgdneZhMLcSlg=">AAACKnicbVDNS8MwHE3n15xfVY9egkMQxNGqqBdh6kVvE9wHrGWkWbrFpWlJUmGU/j1e/Fe87KAMr/4hZmsF3XwQeHnv/Uh+z4sYlcqyxkZhYXFpeaW4Wlpb39jcMrd3GjKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0BrcTv/lMhKQhf1TDiLgB6nHqU4yUljrmteMLhJPEEQHspvedxOFxmv7cZQqv4LGDWNRHmQXzCDyCTxnrmGWrYk0B54mdkzLIUeuYI6cb4jggXGGGpGzbVqTcBAlFMSNpyYkliRAeoB5pa8pRQKSbTFdN4YFWutAPhT5cwan6eyJBgZTDwNPJAKm+nPUm4n9eO1b+pZtQHsWKcJw95McMqhBOeoNdKghWbKgJwoLqv0LcR7o7pdst6RLs2ZXnSeOkYp9XTh/OytWbvI4i2AP74BDY4AJUwR2ogTrA4AW8gXfwYbwaI2NsfGbRgpHP7II/ML6+AZIvp/E=</latexit>

dI⌫
ds

= �↵⌫I⌫ + j⌫

<latexit sha1_base64="kwDZ6r/lnt32hx36bvaTvDJaJB4=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXRT0GvegtgnlAdllmJ5NkyOzsMg8hLPkNLx4U8erPePNvnCR70MSChqKqm+6uKOVMadf9dgorq2vrG8XN0tb2zu5eef+gpRIjCW2ShCeyE2FFORO0qZnmtJNKiuOI03Y0up367ScqFUvEox6nNIjxQLA+I1hbyb8PM1+YSVWF7mlYrrg1dwa0TLycVCBHIyx/+b2EmJgKTThWquu5qQ4yLDUjnE5KvlE0xWSEB7RrqcAxVUE2u3mCTqzSQ/1E2hIazdTfExmOlRrHke2MsR6qRW8q/ud1je5fBxkTqdFUkPmivuFIJ2gaAOoxSYnmY0swkczeisgQS0y0jalkQ/AWX14mrbOad1k7f7io1G/yOIpwBMdQBQ+uoA530IAmEEjhGV7hzTHOi/PufMxbC04+cwh/4Hz+AD6TkSw=</latexit>

I⌫(s0)

<latexit sha1_base64="4xMZoGYwvzG4MP1tEe7jtbH/swk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+m5vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1Wz+8vKrWbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gAFKo2i</latexit>s0 <latexit sha1_base64="Ur3bwuRHFK2CUZPXmyn78fHISgA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVda9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzUL8vV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4UGM/w==</latexit>s

<latexit sha1_base64="IBxBcCRMK1iNG090GApZE/7R8rU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqqMegF71FMA9MljA7mSRDZmeXmV4hLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMY3kz8xhPXRkTqAUcx90PaV6InGEUrPd510rZKxiVz0ikU3bI7BVkkXkaKkKHaKXy1uxFLQq6QSWpMy3Nj9FOqUTDJx/l2YnhM2ZD2ectSRUNu/HR68ZgcW6VLepG2pZBM1d8TKQ2NGYWB7QwpDsy8NxH/81oJ9q78VKg4Qa7YbFEvkQQjMnmfdIXmDOXIEsq0sLcSNqCaMrQh5W0I3vzLi6R+WvYuymf358XKdRZHDg7hCErgwSVU4BaqUAMGCp7hFd4c47w4787HrHXJyWYO4A+czx8T+JCJ</latexit>

I⌫(s)
absorption

emission

<latexit sha1_base64="NEnvXvEUqhc89/8thuUBZvJD/Ts=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lU1ItQ9OKxgv2AppTJdtsu3WzC7qZQQv+JFw+KePWfePPfuG1z0OqDgcd7M8zMCxPBtfG8L6ewsrq2vlHcLG1t7+zuufsHDR2nirI6jUWsWiFqJrhkdcONYK1EMYxCwZrh6G7mN8dMaR7LRzNJWCfCgeR9TtFYqeu6AYpkiN0skOmU3BCv65a9ijcH+Uv8nJQhR63rfga9mKYRk4YK1Lrte4npZKgMp4JNS0GqWYJ0hAPWtlRixHQnm18+JSdW6ZF+rGxJQ+bqz4kMI60nUWg7IzRDvezNxP+8dmr6152MyyQ1TNLFon4qiInJLAbS44pRIyaWIFXc3kroEBVSY8Mq2RD85Zf/ksZZxb+snD9clKu3eRxFOIJjOAUfrqAK91CDOlAYwxO8wKuTOc/Om/O+aC04+cwh/ILz8Q2S3pL4</latexit>

↵⌫ = 0
<latexit sha1_base64="N9+zTgyMrl+Cb9Bn9gzPeaF2WOE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK9gPaUDbbSbt2swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVZqPfayrkwnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9m5E3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6e+kzxUyI8aWUKa4vZWwIVWUGZtQyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgBM/wCm9O4rw4787HvLXg5DOH8AfO5w+lXo/I</latexit>

j⌫

<latexit sha1_base64="4cIit1dBGog411I4J1zxxXcrg/s=">AAACFHicbVDLSsNAFJ3UV42vqEs3g0UQhJKoqBuh6EZ3FewDmlImk0k7djIJMxOhhHyEG3/FjQtF3Lpw5984aSNo64ELZ865l7n3eDGjUtn2l1Gam19YXCovmyura+sb1uZWU0aJwKSBIxaJtockYZSThqKKkXYsCAo9Rlre8DL3W/dESBrxWzWKSTdEfU4DipHSUs86cAOBcJq6IoR+dt1LXZ5k2c9bZvAc3k1E0+xZFbtqjwFniVOQCihQ71mfrh/hJCRcYYak7Dh2rLopEopiRjLTTSSJER6iPuloylFIZDcdH5XBPa34MIiELq7gWP09kaJQylHo6c4QqYGc9nLxP6+TqOCsm1IeJ4pwPPkoSBhUEcwTgj4VBCs20gRhQfWuEA+QTknpHPMQnOmTZ0nzsOqcVI9ujiu1iyKOMtgBu2AfOOAU1MAVqIMGwOABPIEX8Go8Gs/Gm/E+aS0Zxcw2+APj4xvBL56a</latexit>

dI⌫
ds

= j⌫
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Case 3: no emission along line of sight

<latexit sha1_base64="cF9vH9pO6NFp7XIgdneZhMLcSlg=">AAACKnicbVDNS8MwHE3n15xfVY9egkMQxNGqqBdh6kVvE9wHrGWkWbrFpWlJUmGU/j1e/Fe87KAMr/4hZmsF3XwQeHnv/Uh+z4sYlcqyxkZhYXFpeaW4Wlpb39jcMrd3GjKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0BrcTv/lMhKQhf1TDiLgB6nHqU4yUljrmteMLhJPEEQHspvedxOFxmv7cZQqv4LGDWNRHmQXzCDyCTxnrmGWrYk0B54mdkzLIUeuYI6cb4jggXGGGpGzbVqTcBAlFMSNpyYkliRAeoB5pa8pRQKSbTFdN4YFWutAPhT5cwan6eyJBgZTDwNPJAKm+nPUm4n9eO1b+pZtQHsWKcJw95McMqhBOeoNdKghWbKgJwoLqv0LcR7o7pdst6RLs2ZXnSeOkYp9XTh/OytWbvI4i2AP74BDY4AJUwR2ogTrA4AW8gXfwYbwaI2NsfGbRgpHP7II/ML6+AZIvp/E=</latexit>

dI⌫
ds

= �↵⌫I⌫ + j⌫

<latexit sha1_base64="kwDZ6r/lnt32hx36bvaTvDJaJB4=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXRT0GvegtgnlAdllmJ5NkyOzsMg8hLPkNLx4U8erPePNvnCR70MSChqKqm+6uKOVMadf9dgorq2vrG8XN0tb2zu5eef+gpRIjCW2ShCeyE2FFORO0qZnmtJNKiuOI03Y0up367ScqFUvEox6nNIjxQLA+I1hbyb8PM1+YSVWF7mlYrrg1dwa0TLycVCBHIyx/+b2EmJgKTThWquu5qQ4yLDUjnE5KvlE0xWSEB7RrqcAxVUE2u3mCTqzSQ/1E2hIazdTfExmOlRrHke2MsR6qRW8q/ud1je5fBxkTqdFUkPmivuFIJ2gaAOoxSYnmY0swkczeisgQS0y0jalkQ/AWX14mrbOad1k7f7io1G/yOIpwBMdQBQ+uoA530IAmEEjhGV7hzTHOi/PufMxbC04+cwh/4Hz+AD6TkSw=</latexit>

I⌫(s0)

<latexit sha1_base64="4xMZoGYwvzG4MP1tEe7jtbH/swk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+m5vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1Wz+8vKrWbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gAFKo2i</latexit>s0 <latexit sha1_base64="Ur3bwuRHFK2CUZPXmyn78fHISgA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVda9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzUL8vV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4UGM/w==</latexit>s

<latexit sha1_base64="IBxBcCRMK1iNG090GApZE/7R8rU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqqMegF71FMA9MljA7mSRDZmeXmV4hLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMY3kz8xhPXRkTqAUcx90PaV6InGEUrPd510rZKxiVz0ikU3bI7BVkkXkaKkKHaKXy1uxFLQq6QSWpMy3Nj9FOqUTDJx/l2YnhM2ZD2ectSRUNu/HR68ZgcW6VLepG2pZBM1d8TKQ2NGYWB7QwpDsy8NxH/81oJ9q78VKg4Qa7YbFEvkQQjMnmfdIXmDOXIEsq0sLcSNqCaMrQh5W0I3vzLi6R+WvYuymf358XKdRZHDg7hCErgwSVU4BaqUAMGCp7hFd4c47w4787HrHXJyWYO4A+czx8T+JCJ</latexit>

I⌫(s)
absorption

emission
<latexit sha1_base64="Dkdug3lMea+8eWFPUST2BnAeB3w=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KomKehGKXjxWsB+QhrLZbtu1m03YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkgNl0LxOgqUvJVoTqNQ8mY4vJ34zSeujYjVA44SHkS0r0RPMIpW8h87WVulY3JN3E6p7FbcKcgi8XJShhy1Tumr3Y1ZGnGFTFJjfM9NMMioRsEkHxfbqeEJZUPa576likbcBNn05DE5tkqX9GJtSyGZqr8nMhoZM4pC2xlRHJh5byL+5/kp9q6CTKgkRa7YbFEvlQRjMvmfdIXmDOXIEsq0sLcSNqCaMrQpFW0I3vzLi6RxWvEuKmf35+XqTR5HAQ7hCE7Ag0uowh3UoA4MYniGV3hz0Hlx3p2PWeuSk88cwB84nz9MdpCd</latexit>

j⌫ = 0

<latexit sha1_base64="o0wx5R03T5uBeHfRuOiFzlUc24w=">AAACAXicbZDLSsNAFIYn9VbrLepGcBMsQt2UREUFN0U3uqtgL9CEcDKdtEMnkzAzEUqoG1/FjQtF3PoW7nwbp20W2vrDwMd/zuHM+YOEUals+9soLCwuLa8UV0tr6xubW+b2TlPGqcCkgWMWi3YAkjDKSUNRxUg7EQSigJFWMLge11sPREga83s1TIgXQY/TkGJQ2vLNPRdY0gc/c3k6ci9vp1CRR75Ztqv2RNY8ODmUUa66b3653RinEeEKM5Cy49iJ8jIQimJGRiU3lSQBPIAe6WjkEBHpZZMLRtahdrpWGAv9uLIm7u+JDCIph1GgOyNQfTlbG5v/1TqpCi+8jPIkVYTj6aIwZZaKrXEcVpcKghUbagAsqP6rhfsgACsdWkmH4MyePA/N46pzVj25Oy3XrvI4imgfHaAKctA5qqEbVEcNhNEjekav6M14Ml6Md+Nj2low8pld9EfG5w9chZbV</latexit>

↵⌫ I⌫(s)

<latexit sha1_base64="pswiSPIy3eZNoDVn2JOB9PtKIJk=">AAACInicbVBLSwMxGMzWV11fVY9egkXwYtlV8XEQil70VsE+oFtKNpttQ5PskmSFsuxv8eJf8eJBUU+CP8a0XUFbBwKTmflIvvFjRpV2nE+rMDe/sLhUXLZXVtfWN0qbWw0VJRKTOo5YJFs+UoRRQeqaakZasSSI+4w0/cHVyG/eE6loJO70MCYdjnqChhQjbaRu6dwLJcJp6kkOg+ymm3oiybKfu8rgBTzwEIv7aGLBPGLb3VLZqThjwFni5qQMctS6pXcviHDCidCYIaXarhPrToqkppiRzPYSRWKEB6hH2oYKxInqpOMVM7hnlACGkTRHaDhWf0+kiCs15L5JcqT7atobif957USHZ52UijjRRODJQ2HCoI7gqC8YUEmwZkNDEJbU/BXiPjKdadPqqAR3euVZ0jisuCeVo9vjcvUyr6MIdsAu2AcuOAVVcA1qoA4weABP4AW8Wo/Ws/VmfUyiBSuf2QZ/YH19A5/cpEo=</latexit>

dI⌫
ds

= �↵⌫I⌫

<latexit sha1_base64="9b2MfoYSmWyyMB7rN5XdBezwUkI=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0VwY0m0qBuh6EZ3FewDmhAmk0k7dDIJMxOhhPyIG3/FjQtFXLgR/8ZpG0FbD1w4nHMv997jJ4xKZVlfRmlhcWl5pbxaWVvf2Nwyt3faMk4FJi0cs1h0fSQJo5y0FFWMdBNBUOQz0vGHV2O/c0+EpDG/U6OEuBHqcxpSjJSWPLPuhALhLHNEBIPcYXEf3niZw9M8/xFlDi/gkYNYMkBTyzOrVs2aAM4TuyBVUKDpmR9OEOM0IlxhhqTs2Vai3AwJRTEjecVJJUkQHqI+6WnKUUSkm02+y+GBVgIYxkIXV3Ci/p7IUCTlKPJ1Z4TUQM56Y/E/r5eq8NzNKE9SRTieLgpTBlUMx1HBgAqCFRtpgrCg+laIB0jHpXSgFR2CPfvyPGkf1+zT2sltvdq4LOIogz2wDw6BDc5AA1yDJmgBDB7AE3gBr8aj8Wy8Ge/T1pJRzOyCPzA+vwFzE6LD</latexit>

d log I⌫
ds

= �↵⌫

<latexit sha1_base64="hHhySA1k/UXAGxJSAXSwxeUAxoY="></latexit>

log I⌫(s) = log I⌫(s0)�
Z s

s0

↵⌫(s
0)ds0

<latexit sha1_base64="W1lSLwrdQacA8jyAH/0zDFqGrrw="></latexit>

I⌫(s) = I⌫(s0) exp

⇢
�
Z s

s0

↵⌫(s
0)ds0

�
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<latexit sha1_base64="W1lSLwrdQacA8jyAH/0zDFqGrrw="></latexit>

I⌫(s) = I⌫(s0) exp

⇢
�
Z s

s0

↵⌫(s
0)ds0

�

<latexit sha1_base64="INtglwey1wkYP8Edm0YU+dYcG6A=">AAACJ3icbVDLSgMxFM34tr6qLt0Ei6ALy4yKulGKbnRXwarQlCGT3mmDmcyQ3BHL0L9x46+4EVREl/6J01p8HwicnHMuyT1BoqRF1311hoZHRsfGJyYLU9Mzs3PF+YUzG6dGQE3EKjYXAbegpIYaSlRwkRjgUaDgPLg87PnnV2CsjPUpdhJoRLylZSgFx1zyi/vHfsZ02l21a3SPfl58d40yuE6YghBZtk4Z8vQryYxstZF1C36x5JbdPuhf4g1IiQxQ9YsPrBmLNAKNQnFr656bYCPjBqVQ0C2w1ELCxSVvQT2nmkdgG1l/zy5dyZUmDWOTH420r36fyHhkbScK8mTEsW1/ez3xP6+eYrjbyKROUgQtPh4KU0Uxpr3SaFMaEKg6OeHCyPyvVLS54QLzansleL9X/kvONsrednnzZKtUORjUMUGWyDJZJR7ZIRVyRKqkRgS5IXfkkTw5t8698+y8fESHnMHMIvkB5+0dFwak4g==</latexit>

I⌫(s) = I⌫(s0) exp {�⌧⌫(s)}

<latexit sha1_base64="lVtav8R6jrYb44VHCepL57xG49E=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQF2VGRQURim5cVrAP6AzlTpq2oZnMkGSEMsw/uPFX3LhQxK0bd/6NaTsLbT0QODnnXJJ7gpgzpR3n2yosLC4trxRXS2vrG5tb9vZOQ0WJJLROIh7JVgCKciZoXTPNaSuWFMKA02YwvBn7zQcqFYvEvR7F1A+hL1iPEdBG6thHqSdD3M08DUkn9USS4SvsAY8HML16l3lCdeyyU3EmwPPEzUkZ5ah17C+vG5EkpEITDkq1XSfWfgpSM8JpVvISRWMgQ+jTtqECQqr8dLJThg+M0sW9SJojNJ6ovydSCJUahYFJhqAHatYbi/957UT3LvyUiTjRVJDpQ72EYx3hcUG4yyQlmo8MASKZ+SsmA5BAtKmxZEpwZ1eeJ43jintWObk7LVev8zqKaA/to0PkonNURbeohuqIoEf0jF7Rm/VkvVjv1sc0WrDymV30B9bnD2f5noA=</latexit>

d⌧⌫ = ↵⌫ ds

<latexit sha1_base64="5rVGMoe8R7Jw9ttzJ626OfK5ck0=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyqqCcpevFYwX5Ady3ZNNuGZrNLMlHK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhangGlz32yksLa+srhXXSxubW9s75d29pk6MoqxBE5Godkg0E1yyBnAQrJ0qRuJQsFY4vJn4rUemNE/kPYxSFsSkL3nEKQErPfhATDfzpRnjK+x1yxW36k6BF4mXkwrKUe+Wv/xeQk3MJFBBtO54bgpBRhRwKti45BvNUkKHpM86lkoSMx1k06vH+MgqPRwlypYEPFV/T2Qk1noUh7YzJjDQ895E/M/rGIgug4zL1ACTdLYoMgJDgicR4B5XjIIYWUKo4vZWTAdEEQo2qJINwZt/eZE0T6reefX07qxSu87jKKIDdIiOkYcuUA3dojpqIIoUekav6M15cl6cd+dj1lpw8pl99AfO5w+sMZH5</latexit>

⌧⌫ > 1
<latexit sha1_base64="G5kl8oVk3h2I/F0gSTVyZdvtCEs=">AAAB9XicbVA9SwNBEN2LXzF+RS1tFoNgFe5U1MIiaGMZwXxA7gx7m71kyd7esTurhCP/w8ZCEVv/i53/xk1yhSY+GHi8N8PMvDAVXIPrfjuFpeWV1bXiemljc2t7p7y719SJUZQ1aCIS1Q6JZoJL1gAOgrVTxUgcCtYKhzcTv/XIlOaJvIdRyoKY9CWPOCVgpQcfiOlmvjRjfIW9brniVt0p8CLxclJBOerd8pffS6iJmQQqiNYdz00hyIgCTgUbl3yjWUrokPRZx1JJYqaDbHr1GB9ZpYejRNmSgKfq74mMxFqP4tB2xgQGet6biP95HQPRZZBxmRpgks4WRUZgSPAkAtzjilEQI0sIVdzeiumAKELBBlWyIXjzLy+S5knVO6+e3p1Vatd5HEV0gA7RMfLQBaqhW1RHDUSRQs/oFb05T86L8+58zFoLTj6zj/7A+fwBqSWR9w==</latexit>

⌧⌫ < 1

It can be useful to consider radiation transfer in terms of optical depth/thickness

Result from previous slide

Chance of absorption along the path of a ray

Reveals more clearly than distance the important regions along a ray for radiation

Rewrite in terms of 
optical thickness

Two regimes

Optically thick: average photon gets absorbed before traversing medium (opaque)

Optically thin: transparent - average photon not absorbed
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Case 4: absorption and emission along line of sight (general case)

<latexit sha1_base64="lVtav8R6jrYb44VHCepL57xG49E=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQF2VGRQURim5cVrAP6AzlTpq2oZnMkGSEMsw/uPFX3LhQxK0bd/6NaTsLbT0QODnnXJJ7gpgzpR3n2yosLC4trxRXS2vrG5tb9vZOQ0WJJLROIh7JVgCKciZoXTPNaSuWFMKA02YwvBn7zQcqFYvEvR7F1A+hL1iPEdBG6thHqSdD3M08DUkn9USS4SvsAY8HML16l3lCdeyyU3EmwPPEzUkZ5ah17C+vG5EkpEITDkq1XSfWfgpSM8JpVvISRWMgQ+jTtqECQqr8dLJThg+M0sW9SJojNJ6ovydSCJUahYFJhqAHatYbi/957UT3LvyUiTjRVJDpQ72EYx3hcUG4yyQlmo8MASKZ+SsmA5BAtKmxZEpwZ1eeJ43jintWObk7LVev8zqKaA/to0PkonNURbeohuqIoEf0jF7Rm/VkvVjv1sc0WrDymV30B9bnD2f5noA=</latexit>

d⌧⌫ = ↵⌫ ds• Rewrite using:

<latexit sha1_base64="cF9vH9pO6NFp7XIgdneZhMLcSlg=">AAACKnicbVDNS8MwHE3n15xfVY9egkMQxNGqqBdh6kVvE9wHrGWkWbrFpWlJUmGU/j1e/Fe87KAMr/4hZmsF3XwQeHnv/Uh+z4sYlcqyxkZhYXFpeaW4Wlpb39jcMrd3GjKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0BrcTv/lMhKQhf1TDiLgB6nHqU4yUljrmteMLhJPEEQHspvedxOFxmv7cZQqv4LGDWNRHmQXzCDyCTxnrmGWrYk0B54mdkzLIUeuYI6cb4jggXGGGpGzbVqTcBAlFMSNpyYkliRAeoB5pa8pRQKSbTFdN4YFWutAPhT5cwan6eyJBgZTDwNPJAKm+nPUm4n9eO1b+pZtQHsWKcJw95McMqhBOeoNdKghWbKgJwoLqv0LcR7o7pdst6RLs2ZXnSeOkYp9XTh/OytWbvI4i2AP74BDY4AJUwR2ogTrA4AW8gXfwYbwaI2NsfGbRgpHP7II/ML6+AZIvp/E=</latexit>

dI⌫
ds

= �↵⌫I⌫ + j⌫

<latexit sha1_base64="30FAoRacHF8DcPfGE8I4FxLG1YI=">AAACKHicbZBdS8MwFIbT+TXrV9VLb4JDEMTRqqg34tAbvZvoPmAtI83SLSxNS5IKo/TneONf8UZEkd36S8y2Crp5IPDkfc8hOa8fMyqVbQ+Nwtz8wuJScdlcWV1b37A2t+oySgQmNRyxSDR9JAmjnNQUVYw0Y0FQ6DPS8PvXI7/xSISkEX9Qg5h4IepyGlCMlJba1qUbCITT1BUh7GS37dTlSZb93F2FklyCF/Awt+EBvJ+Qabatkl22xwVnwcmhBPKqtq03txPhJCRcYYakbDl2rLwUCUUxI5npJpLECPdRl7Q0chQS6aXjRTO4p5UODCKhD1dwrP6eSFEo5SD0dWeIVE9OeyPxP6+VqODcSymPE0U4njwUJAyqCI5Sgx0qCFZsoAFhQfVfIe4hnZzS2Y5CcKZXnoX6Udk5LR/fnZQqV3kcRbADdsE+cMAZqIAbUAU1gMETeAHv4MN4Nl6NT2M4aS0Y+cw2+FPG1zchAqaL</latexit>

dI⌫
d⌧⌫

= �I⌫ + S⌫
<latexit sha1_base64="pwYQAe6q09e9hdN6AT+n12Y7B1M=">AAACEXicbVC7TsMwFHXKq4RXgJHFokLqVCWAgAWpgoWxCPqQmihyXKc1OE5kO0hVlF9g4VdYGECIlY2Nv8FpM0DLkSyde869ur4nSBiVyra/jcrC4tLySnXVXFvf2Nyytnc6Mk4FJm0cs1j0AiQJo5y0FVWM9BJBUBQw0g3uLwu/+0CEpDG/VeOEeBEachpSjJSWfKt+42cuT3N4Dt1QIJzdTes8cxFLRqisTNO3anbDngDOE6ckNVCi5Vtf7iDGaUS4wgxJ2XfsRHkZEopiRnLTTSVJEL5HQ9LXlKOISC+bXJTDA60MYBgL/biCE/X3RIYiKcdRoDsjpEZy1ivE/7x+qsIzL6M8SRXheLooTBlUMSzigQMqCFZsrAnCguq/QjxCOhilQyxCcGZPniedw4Zz0ji6Pq41L8o4qmAP7IM6cMApaIIr0AJtgMEjeAav4M14Ml6Md+Nj2loxypld8AfG5w/FP52d</latexit>

S⌫ =
j⌫
↵⌫

• Formal solution of the RT equation

Homework! Verify this. Hint: use integrating factor
<latexit sha1_base64="RldFjPYmXH8Qljo5PRkCePQ8YyI=">AAACBHicbVA9SwNBEN3zM8avU8s0h0GITbhTUcugjWUE8wG5EPY2c8mSvb1jd04MRwob/4qNhSK2/gg7/42bj0ITHww83pthZl6QCK7Rdb+tpeWV1bX13EZ+c2t7Z9fe26/rOFUMaiwWsWoGVIPgEmrIUUAzUUCjQEAjGFyP/cY9KM1jeYfDBNoR7UkeckbRSB274MND4gsIseQjTTuZL9ORr3ivj8cdu+iW3QmcReLNSJHMUO3YX343ZmkEEpmgWrc8N8F2RhVyJmCU91MNCWUD2oOWoZJGoNvZ5ImRc2SUrhPGypREZ6L+nshopPUwCkxnRLGv572x+J/XSjG8bGdcJimCZNNFYSocjJ1xIk6XK2AohoZQpri51WF9qihDk1vehODNv7xI6idl77x8entWrFzN4siRAjkkJeKRC1IhN6RKaoSRR/JMXsmb9WS9WO/Wx7R1yZrNHJA/sD5/ADiGmHg=</latexit>

exp (⌧⌫)

<latexit sha1_base64="sXSF/8FuO9b3Qoq4oeNY64+knlg="></latexit>

I⌫(⌧⌫) = I⌫(0) exp (�⌧⌫) + exp (�⌧⌫)

Z ⌧⌫

0
exp (⌧ 0⌫)S⌫(⌧

0
⌫)d⌧

0
⌫

<latexit sha1_base64="kwDZ6r/lnt32hx36bvaTvDJaJB4=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXRT0GvegtgnlAdllmJ5NkyOzsMg8hLPkNLx4U8erPePNvnCR70MSChqKqm+6uKOVMadf9dgorq2vrG8XN0tb2zu5eef+gpRIjCW2ShCeyE2FFORO0qZnmtJNKiuOI03Y0up367ScqFUvEox6nNIjxQLA+I1hbyb8PM1+YSVWF7mlYrrg1dwa0TLycVCBHIyx/+b2EmJgKTThWquu5qQ4yLDUjnE5KvlE0xWSEB7RrqcAxVUE2u3mCTqzSQ/1E2hIazdTfExmOlRrHke2MsR6qRW8q/ud1je5fBxkTqdFUkPmivuFIJ2gaAOoxSYnmY0swkczeisgQS0y0jalkQ/AWX14mrbOad1k7f7io1G/yOIpwBMdQBQ+uoA530IAmEEjhGV7hzTHOi/PufMxbC04+cwh/4Hz+AD6TkSw=</latexit>

I⌫(s0) <latexit sha1_base64="N9+zTgyMrl+Cb9Bn9gzPeaF2WOE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK9gPaUDbbSbt2swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVZqPfayrkwnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9m5E3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6e+kzxUyI8aWUKa4vZWwIVWUGZtQyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgBM/wCm9O4rw4787HvLXg5DOH8AfO5w+lXo/I</latexit>

j⌫

<latexit sha1_base64="4xMZoGYwvzG4MP1tEe7jtbH/swk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+m5vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1Wz+8vKrWbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gAFKo2i</latexit>s0 <latexit sha1_base64="Ur3bwuRHFK2CUZPXmyn78fHISgA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVda9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzUL8vV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4UGM/w==</latexit>s

<latexit sha1_base64="IBxBcCRMK1iNG090GApZE/7R8rU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqqMegF71FMA9MljA7mSRDZmeXmV4hLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMY3kz8xhPXRkTqAUcx90PaV6InGEUrPd510rZKxiVz0ikU3bI7BVkkXkaKkKHaKXy1uxFLQq6QSWpMy3Nj9FOqUTDJx/l2YnhM2ZD2ectSRUNu/HR68ZgcW6VLepG2pZBM1d8TKQ2NGYWB7QwpDsy8NxH/81oJ9q78VKg4Qa7YbFEvkQQjMnmfdIXmDOXIEsq0sLcSNqCaMrQh5W0I3vzLi6R+WvYuymf358XKdRZHDg7hCErgwSVU4BaqUAMGCp7hFd4c47w4787HrHXJyWYO4A+czx8T+JCJ</latexit>

I⌫(s)
absorption

<latexit sha1_base64="o0wx5R03T5uBeHfRuOiFzlUc24w=">AAACAXicbZDLSsNAFIYn9VbrLepGcBMsQt2UREUFN0U3uqtgL9CEcDKdtEMnkzAzEUqoG1/FjQtF3PoW7nwbp20W2vrDwMd/zuHM+YOEUals+9soLCwuLa8UV0tr6xubW+b2TlPGqcCkgWMWi3YAkjDKSUNRxUg7EQSigJFWMLge11sPREga83s1TIgXQY/TkGJQ2vLNPRdY0gc/c3k6ci9vp1CRR75Ztqv2RNY8ODmUUa66b3653RinEeEKM5Cy49iJ8jIQimJGRiU3lSQBPIAe6WjkEBHpZZMLRtahdrpWGAv9uLIm7u+JDCIph1GgOyNQfTlbG5v/1TqpCi+8jPIkVYTj6aIwZZaKrXEcVpcKghUbagAsqP6rhfsgACsdWkmH4MyePA/N46pzVj25Oy3XrvI4imgfHaAKctA5qqEbVEcNhNEjekav6M14Ml6Md+Nj2low8pld9EfG5w9chZbV</latexit>

↵⌫ I⌫(s)

emission

General RT equation

Define source function:
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• Useful simplification I: constant source function

<latexit sha1_base64="sXSF/8FuO9b3Qoq4oeNY64+knlg="></latexit>

I⌫(⌧⌫) = I⌫(0) exp (�⌧⌫) + exp (�⌧⌫)

Z ⌧⌫

0
exp (⌧ 0⌫)S⌫(⌧

0
⌫)d⌧

0
⌫

<latexit sha1_base64="1tpB4CPzjDdKEDRe5XrHVuZ9f9c="></latexit>

I⌫(⌧⌫) = I⌫(0) exp (�⌧⌫) + S⌫ [1� exp (�⌧⌫)]

• Useful simplification II:
<latexit sha1_base64="XNwEWdJqJJ0lE/HYyMz+LC7Enic=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lU1GPRi8cK9gOaEDbbbbt0swm7s4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8OBNcg+d9O6W19Y3NrfJ2ZWd3b//APTxq6dQoypo0FanqxEQzwSVrAgfBOpliJIkFa8ej+5nfHjOleSqfYJKxMCEDyfucErBS5LoBEBPlgTRTHAiB/citejVvDrxK/IJUUYFG5H4FvZSahEmggmjd9b0Mwpwo4FSwaSUwmmWEjsiAdS2VJGE6zOeXT/GZVXq4nypbEvBc/T2Rk0TrSRLbzoTAUC97M/E/r2ugfxvmXGYGmKSLRX0jMKR4FgPuccUoiIklhCpub8V0SBShYMOq2BD85ZdXSeui5l/XLh+vqvW7Io4yOkGn6Bz56AbV0QNqoCaiaIye0St6c3LnxXl3PhatJaeYOUZ/4Hz+AO7BkzQ=</latexit>

⌧⌫ ⌧ 1

<latexit sha1_base64="Q5RmX3tE9cxuQQEoIhvRRn1bjJI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lU1GPRi8cK9gOaEDbbTbp0swm7k0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZemAmuwXG+rcra+sbmVnW7trO7t39gHx51dJoryto0FanqhUQzwSVrAwfBepliJAkF64aj+5nfHTOleSqfYJIxPyGx5BGnBIwU2LYHJA8KT+ZT7MUxdgO77jScOfAqcUtSRyVagf3lDVKaJ0wCFUTrvutk4BdEAaeCTWterllG6IjErG+oJAnTfjG/fIrPjDLAUapMScBz9fdEQRKtJ0loOhMCQ73szcT/vH4O0a1fcJnlwCRdLIpygSHFsxjwgCtGQUwMIVRxcyumQ6IIBRNWzYTgLr+8SjoXDfe6cfl4VW/elXFU0Qk6RefIRTeoiR5QC7URRWP0jF7Rm1VYL9a79bForVjlzDH6A+vzB9+Akyo=</latexit>

⌧⌫ � 1• Useful simplification III:

<latexit sha1_base64="Vn0j5pdJ+RsimkJZuzAKVCzu80s=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR2k1JVNSNUHSjuwr2Ak0Ik+m0HTqZhLkIJXTtxldx40IRtz6BO9/GaRtBW38Y+PjPOZw5f5gwKpXjfFm5hcWl5ZX8amFtfWNzy97eachYC0zqOGaxaIVIEkY5qSuqGGklgqAoZKQZDq7G9eY9EZLG/E4NE+JHqMdpl2KkjBXY+zdB6nE9KnkK6SmW4QX8cZ0yDOyiU3EmgvPgZlAEmWqB/el1YqwjwhVmSMq26yTKT5FQFDMyKnhakgThAeqRtkGOIiL9dHLKCB4apwO7sTCPKzhxf0+kKJJyGIWmM0KqL2drY/O/Wlur7rmfUp5oRTieLupqBlUMx7nADhUEKzY0gLCg5q8Q95FAWJn0CiYEd/bkeWgcVdzTyvHtSbF6mcWRB3vgAJSAC85AFVyDGqgDDB7AE3gBr9aj9Wy9We/T1pyVzeyCP7I+vgFej5lm</latexit>

I⌫(⌧⌫) = I⌫(0)

<latexit sha1_base64="+S0z5jj6x48pfN81Fw3LIFhJhv4=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuimJiroRim50V9FeoAlhMp22QyeTMBehhK7c+CpuXCji1mdw59s4bbLQ1h8GPv5zDmfOHyaMSuU439bc/MLi0nJhpbi6tr6xaW9tN2SsBSZ1HLNYtEIkCaOc1BVVjLQSQVAUMtIMB1fjevOBCEljfq+GCfEj1OO0SzFSxgrsvZsg9bgelT2FdIaH8ALeZRjYJafiTARnwc2hBHLVAvvL68RYR4QrzJCUbddJlJ8ioShmZFT0tCQJwgPUI22DHEVE+unkjBE8ME4HdmNhHldw4v6eSFEk5TAKTWeEVF9O18bmf7W2Vt1zP6U80YpwnC3qagZVDMeZwA4VBCs2NICwoOavEPeRQFiZ5IomBHf65FloHFXc08rx7UmpepnHUQC7YB+UgQvOQBVcgxqoAwwewTN4BW/Wk/VivVsfWeuclc/sgD+yPn8AuLiYpw==</latexit>

I⌫(⌧⌫) = S⌫

Extinction of 
background light

Emission from 
medium

Formal solution of RT equation: useful simplifications in practical use

General RT equation from 
previous slide
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Scattering is any process where radiation is absorped and then re-emitted

Scattered (re-emitted radiation) depends on the radiation falling on an element

Consider a simple case with 3 assumptions
1. Isotropic: scattered energy is emitted equally into equal solid angles
2. Pure : only one scattering process operting
3. Coherent: radiation emitted per unit frequency range is the same as absorbed 

<latexit sha1_base64="kwDZ6r/lnt32hx36bvaTvDJaJB4=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXRT0GvegtgnlAdllmJ5NkyOzsMg8hLPkNLx4U8erPePNvnCR70MSChqKqm+6uKOVMadf9dgorq2vrG8XN0tb2zu5eef+gpRIjCW2ShCeyE2FFORO0qZnmtJNKiuOI03Y0up367ScqFUvEox6nNIjxQLA+I1hbyb8PM1+YSVWF7mlYrrg1dwa0TLycVCBHIyx/+b2EmJgKTThWquu5qQ4yLDUjnE5KvlE0xWSEB7RrqcAxVUE2u3mCTqzSQ/1E2hIazdTfExmOlRrHke2MsR6qRW8q/ud1je5fBxkTqdFUkPmivuFIJ2gaAOoxSYnmY0swkczeisgQS0y0jalkQ/AWX14mrbOad1k7f7io1G/yOIpwBMdQBQ+uoA530IAmEEjhGV7hzTHOi/PufMxbC04+cwh/4Hz+AD6TkSw=</latexit>

I⌫(s0)

<latexit sha1_base64="4xMZoGYwvzG4MP1tEe7jtbH/swk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+m5vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1Wz+8vKrWbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gAFKo2i</latexit>s0 <latexit sha1_base64="Ur3bwuRHFK2CUZPXmyn78fHISgA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVda9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzUL8vV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4UGM/w==</latexit>s

<latexit sha1_base64="IBxBcCRMK1iNG090GApZE/7R8rU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqqMegF71FMA9MljA7mSRDZmeXmV4hLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMY3kz8xhPXRkTqAUcx90PaV6InGEUrPd510rZKxiVz0ikU3bI7BVkkXkaKkKHaKXy1uxFLQq6QSWpMy3Nj9FOqUTDJx/l2YnhM2ZD2ectSRUNu/HR68ZgcW6VLepG2pZBM1d8TKQ2NGYWB7QwpDsy8NxH/81oJ9q78VKg4Qa7YbFEvkQQjMnmfdIXmDOXIEsq0sLcSNqCaMrQh5W0I3vzLi6R+WvYuymf358XKdRZHDg7hCErgwSVU4BaqUAMGCp7hFd4c47w4787HrHXJyWYO4A+czx8T+JCJ</latexit>

I⌫(s)absorption by scattering 
out of line of sight

emission by scattering 
into line of sight

<latexit sha1_base64="o0wx5R03T5uBeHfRuOiFzlUc24w=">AAACAXicbZDLSsNAFIYn9VbrLepGcBMsQt2UREUFN0U3uqtgL9CEcDKdtEMnkzAzEUqoG1/FjQtF3PoW7nwbp20W2vrDwMd/zuHM+YOEUals+9soLCwuLa8UV0tr6xubW+b2TlPGqcCkgWMWi3YAkjDKSUNRxUg7EQSigJFWMLge11sPREga83s1TIgXQY/TkGJQ2vLNPRdY0gc/c3k6ci9vp1CRR75Ztqv2RNY8ODmUUa66b3653RinEeEKM5Cy49iJ8jIQimJGRiU3lSQBPIAe6WjkEBHpZZMLRtahdrpWGAv9uLIm7u+JDCIph1GgOyNQfTlbG5v/1TqpCi+8jPIkVYTj6aIwZZaKrXEcVpcKghUbagAsqP6rhfsgACsdWkmH4MyePA/N46pzVj25Oy3XrvI4imgfHaAKctA5qqEbVEcNhNEjekav6M14Ml6Md+Nj2low8pld9EfG5w9chZbV</latexit>

↵⌫ I⌫(s)

<latexit sha1_base64="N9+zTgyMrl+Cb9Bn9gzPeaF2WOE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK9gPaUDbbSbt2swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVZqPfayrkwnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9m5E3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6e+kzxUyI8aWUKa4vZWwIVWUGZtQyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgBM/wCm9O4rw4787HvLXg5DOH8AfO5w+lXo/I</latexit>

j⌫



<latexit sha1_base64="sdJxDpOQ4xNdo67K2cloX5DgeME="></latexit>

dI⌫
ds

= �n�⌫I⌫ + n�⌫J⌫

Scattering
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<latexit sha1_base64="NEPPZ5zcfcWVA/pDBjj1utXjGl8=">AAACLHicbVBbS8MwGE3nbc5b1UdfgkMQxNGqqC/CcC/6NsFdYC0lzdItLk1Lkgqj9Af54l8RxAeH+OrvMNsq6OaBwMk55yP5jh8zKpVljYzCwuLS8kpxtbS2vrG5ZW7vNGWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6TlD2pjv/VIhKQRv1fDmLgh6nEaUIyUljyz5gQC4TR1RAi72a2XOjzJsp+7zOAVPHYQi/toasE8Ao/gw5SVSp5ZtirWBHCe2Dkpgxx1z3x1uhFOQsIVZkjKjm3Fyk2RUBQzkpWcRJIY4QHqkY6mHIVEuulk2QweaKULg0jowxWcqL8nUhRKOQx9nQyR6stZbyz+53USFVy6KeVxogjH04eChEEVwXFzsEsFwYoNNUFYUP1XiPtIt6d0v+MS7NmV50nzpGKfV07vzsrV67yOItgD++AQ2OACVMENqIMGwOAJvIB3MDKejTfjw/icRgtGPrML/sD4+gYtCKgZ</latexit>

dI⌫
ds

= �↵⌫I⌫ + j⌫

Pure, coherent scattering 
(same cross section)

Mean (angle-averaged) intensity

<latexit sha1_base64="K6s6Wctm3t6H2c4Uu1Zr+4EeDtA="></latexit>

J⌫ =
1

4⇡

Z
I⌫ d⌦

• Emission term depends on the intensity at all directions through a given point
• RT problems can become complex quickly (integral-differential equation)
• Approximations are possible –e.g. Eddington approximation; radiative diffusion 

equation – K.-C. Pan’s 2021 lecture

Pure scattering – only one process to cause absorption

<latexit sha1_base64="kwDZ6r/lnt32hx36bvaTvDJaJB4=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXRT0GvegtgnlAdllmJ5NkyOzsMg8hLPkNLx4U8erPePNvnCR70MSChqKqm+6uKOVMadf9dgorq2vrG8XN0tb2zu5eef+gpRIjCW2ShCeyE2FFORO0qZnmtJNKiuOI03Y0up367ScqFUvEox6nNIjxQLA+I1hbyb8PM1+YSVWF7mlYrrg1dwa0TLycVCBHIyx/+b2EmJgKTThWquu5qQ4yLDUjnE5KvlE0xWSEB7RrqcAxVUE2u3mCTqzSQ/1E2hIazdTfExmOlRrHke2MsR6qRW8q/ud1je5fBxkTqdFUkPmivuFIJ2gaAOoxSYnmY0swkczeisgQS0y0jalkQ/AWX14mrbOad1k7f7io1G/yOIpwBMdQBQ+uoA530IAmEEjhGV7hzTHOi/PufMxbC04+cwh/4Hz+AD6TkSw=</latexit>

I⌫(s0)

<latexit sha1_base64="4xMZoGYwvzG4MP1tEe7jtbH/swk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+m5vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1Wz+8vKrWbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gAFKo2i</latexit>s0 <latexit sha1_base64="Ur3bwuRHFK2CUZPXmyn78fHISgA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVda9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzUL8vV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4UGM/w==</latexit>s

<latexit sha1_base64="IBxBcCRMK1iNG090GApZE/7R8rU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqqMegF71FMA9MljA7mSRDZmeXmV4hLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMY3kz8xhPXRkTqAUcx90PaV6InGEUrPd510rZKxiVz0ikU3bI7BVkkXkaKkKHaKXy1uxFLQq6QSWpMy3Nj9FOqUTDJx/l2YnhM2ZD2ectSRUNu/HR68ZgcW6VLepG2pZBM1d8TKQ2NGYWB7QwpDsy8NxH/81oJ9q78VKg4Qa7YbFEvkQQjMnmfdIXmDOXIEsq0sLcSNqCaMrQh5W0I3vzLi6R+WvYuymf358XKdRZHDg7hCErgwSVU4BaqUAMGCp7hFd4c47w4787HrHXJyWYO4A+czx8T+JCJ</latexit>

I⌫(s)

General RT equation

RT equation for scattering



Mean free path

22

A characteristic description of absorption or scattering

Average distance a photon can travel through a homogenous material until it is absorbed or 
scattered

Average distance through a material until it becomes optically thick (optical thickness = 1)
<latexit sha1_base64="1vQ4DivsQiViqYWoDhypNBzybrw=">AAACJHicbZDLSgMxFIYzXmu9jbp0EyyCqzKjooIIRTcuK9gqdIZyJj1tg5nMkGSEMvRh3Pgqblx4wYUbn8W0HcHbD4E/3zmH5PxRKrg2nvfuTE3PzM7NlxbKi0vLK6vu2npTJ5li2GCJSNR1BBoFl9gw3Ai8ThVCHAm8im7ORvWrW1SaJ/LSDFIMY+hJ3uUMjEVt9zgQIHsCaWAga+eBzIY0UBN0QgMQaR++8DENUIjidkL9tlvxqt5Y9K/xC1Mhhept9yXoJCyLURomQOuW76UmzEEZzgQOy0GmMQV2Az1sWSshRh3m4yWHdNuSDu0myh5p6Jh+n8gh1noQR7YzBtPXv2sj+F+tlZnuUZhzmWYGJZs81M0ENQkdJUY7XCEzYmANMMXtXynrgwJmbK5lG4L/e+W/prlb9Q+qexf7ldppEUeJbJItskN8ckhq5JzUSYMwckceyBN5du6dR+fVeZu0TjnFzAb5IefjE90XpEo=</latexit>

h⌧⌫i = ↵⌫ `⌫ = 1
<latexit sha1_base64="9qcksVMqzqZGoipnyOWJVJeWgrc=">AAACDHicbVC7SgNBFJ2NrxhfUUubwSBYhV0VtRGCNpYRzAOyIdyd3DWDs7PLzKwQlv0AG3/FxkIRWz/Azr9x8ig08cDA4ZxzuXNPkAiujet+O4WFxaXlleJqaW19Y3OrvL3T1HGqGDZYLGLVDkCj4BIbhhuB7UQhRIHAVnB/NfJbD6g0j+WtGSbYjeBO8pAzMFbqlSs+CtHLfJnm9IL6oQKWeXnmg0gGMNFzm3Kr7hh0nnhTUiFT1HvlL78fszRCaZgArTuem5huBspwJjAv+anGBNg93GHHUgkR6m42PianB1bp0zBW9klDx+rviQwirYdRYJMRmIGe9Ubif14nNeF5N+MySQ1KNlkUpoKamI6aoX2ukBkxtASY4vavlA3AFmJsfyVbgjd78jxpHlW90+rxzUmldjmto0j2yD45JB45IzVyTeqkQRh5JM/klbw5T86L8+58TKIFZzqzS/7A+fwBTfabzg==</latexit>

`⌫ =
1

↵⌫
Locally, we may then write:

<latexit sha1_base64="2FKppfoCaNFiCWomhx9ZwGH6D+8=">AAACD3icbVDLSsNAFJ34rPUVdelmtCiuSqKigghFNy4r2Ac0IUymk3bozCTMTIQS8gdu/BU3LhRx69adf+Ok7UJbD1w4nHMv994TJowq7Tjf1tz8wuLScmmlvLq2vrFpb203VZxKTBo4ZrFsh0gRRgVpaKoZaSeSIB4y0goHN4XfeiBS0Vjc62FCfI56gkYUI22kwD70CGNB5ok0h1fQiyTCmZtnwrv09jxFexwFhRfYFafqjABniTshFTBBPbC/vG6MU06Exgwp1XGdRPsZkppiRvKylyqSIDxAPdIxVCBOlJ+N/snhgVG6MIqlKaHhSP09kSGu1JCHppMj3VfTXiH+53VSHV34GRVJqonA40VRyqCOYREO7FJJsGZDQxCW1NwKcR+ZTLSJsGxCcKdfniXN46p7Vj25O63UridxlMAu2AdHwAXnoAZuQR00AAaP4Bm8gjfryXqx3q2PceucNZnZAX9gff4Aw4ScgQ==</latexit>

`⌫ =
1

n�⌫

For absorption (more generally)

For scattering

<latexit sha1_base64="5rVGMoe8R7Jw9ttzJ626OfK5ck0=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyqqCcpevFYwX5Ady3ZNNuGZrNLMlHK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhangGlz32yksLa+srhXXSxubW9s75d29pk6MoqxBE5Godkg0E1yyBnAQrJ0qRuJQsFY4vJn4rUemNE/kPYxSFsSkL3nEKQErPfhATDfzpRnjK+x1yxW36k6BF4mXkwrKUe+Wv/xeQk3MJFBBtO54bgpBRhRwKti45BvNUkKHpM86lkoSMx1k06vH+MgqPRwlypYEPFV/T2Qk1noUh7YzJjDQ895E/M/rGIgug4zL1ACTdLYoMgJDgicR4B5XjIIYWUKo4vZWTAdEEQo2qJINwZt/eZE0T6reefX07qxSu87jKKIDdIiOkYcuUA3dojpqIIoUekav6M15cl6cd+dj1lpw8pl99AfO5w+sMZH5</latexit>

⌧⌫ > 1
<latexit sha1_base64="G5kl8oVk3h2I/F0gSTVyZdvtCEs=">AAAB9XicbVA9SwNBEN2LXzF+RS1tFoNgFe5U1MIiaGMZwXxA7gx7m71kyd7esTurhCP/w8ZCEVv/i53/xk1yhSY+GHi8N8PMvDAVXIPrfjuFpeWV1bXiemljc2t7p7y719SJUZQ1aCIS1Q6JZoJL1gAOgrVTxUgcCtYKhzcTv/XIlOaJvIdRyoKY9CWPOCVgpQcfiOlmvjRjfIW9brniVt0p8CLxclJBOerd8pffS6iJmQQqiNYdz00hyIgCTgUbl3yjWUrokPRZx1JJYqaDbHr1GB9ZpYejRNmSgKfq74mMxFqP4tB2xgQGet6biP95HQPRZZBxmRpgks4WRUZgSPAkAtzjilEQI0sIVdzeiumAKELBBlWyIXjzLy+S5knVO6+e3p1Vatd5HEV0gA7RMfLQBaqhW1RHDUSRQs/oFb05T86L8+58zFoLTj6zj/7A+fwBqSWR9w==</latexit>

⌧⌫ < 1

Optically thick: average photon gets absorbed before traversing medium (opaque)

Optically thin: transparent - average photon not absorbed

Reminder



Review: Thermal radiation
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The emitted radiation depends on the temperature of the source
Many systems in astrophysics are (roughly) in local thermal equilibrium (LTE)

(Helmut Föll/Kiel 2019)

Thermally emitting material at 
temperature T will emit blackbody 
radiation, with a spectrum modeled 
using a Planck function 



Since throughout the system, then throughout

Thermal radiation and Kirchoff’s law

24

For an optically thick thermal emitter in LTE, emission depends only on the thermally 
emitting material’s properties

Radiation absorbed and remitted is thermal with the same properties

<latexit sha1_base64="A7N1F3Ylj2OATwd04K5YvbnF+9A=">AAACDXicbZDLSgMxFIYzXmu9jbp0E6xC3ZQZFRVEKHXjskJv0CnlTJq2sZnMkGSEMvQF3Pgqblwo4ta9O9/GtJ2Ftv4Q+PKfc0jO70ecKe0439bC4tLyympmLbu+sbm1be/s1lQYS0KrJOShbPigKGeCVjXTnDYiSSHwOa37g5txvf5ApWKhqOhhRFsB9ATrMgLaWG378L6deCIe4WvsAY/6kF69K1yaYr5y3LZzTsGZCM+Dm0IOpSq37S+vE5I4oEITDko1XSfSrQSkZoTTUdaLFY2ADKBHmwYFBFS1ksk2I3xknA7uhtIcofHE/T2RQKDUMPBNZwC6r2ZrY/O/WjPW3ctWwkQUayrI9KFuzLEO8Tga3GGSEs2HBoBIZv6KSR8kEG0CzJoQ3NmV56F2UnDPC6d3Z7liKY0jg/bRAcojF12gIrpFZVRFBD2iZ/SK3qwn68V6tz6mrQtWOrOH/sj6/AEGiZrk</latexit>

j⌫ = ↵⌫ B⌫(T )
<latexit sha1_base64="UzTzLKCcp96qi7LxEcDvdAgLIyA=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsQt2UGRV1I5S6cVmxN2iHkknTNjSTGZKMUIfiq7hxoYhb38Odb2PazkJbfwh8/OcczsnvR5wp7TjfVmZpeWV1Lbue29jc2t6xd/fqKowloTUS8lA2fawoZ4LWNNOcNiNJceBz2vCHN5N644FKxUJR1aOIegHuC9ZjBGtjdeyD+07SFvEYXaPyjArVk46dd4rOVGgR3BTykKrSsb/a3ZDEARWacKxUy3Ui7SVYakY4HefasaIRJkPcpy2DAgdUecn0+jE6Nk4X9UJpntBo6v6eSHCg1CjwTWeA9UDN1ybmf7VWrHtXXsJEFGsqyGxRL+ZIh2gSBeoySYnmIwOYSGZuRWSAJSbaBJYzIbjzX16E+mnRvSie3Z3nS+U0jiwcwhEUwIVLKMEtVKAGBB7hGV7hzXqyXqx362PWmrHSmX34I+vzBx6blF4=</latexit>

S⌫ = B⌫(T )
<latexit sha1_base64="oV8S0ZB19j3rM8rXls6tSpJU9do=">AAACK3icbZDLSgMxFIYz9VbHW9Wlm2ARKmKZUVE3Qqkb3VXoDTpDyaSZNjSTGZKMUIZ5Hze+igtdeMGt72HajqCtBwJf/v8ckvN7EaNSWda7kVtYXFpeya+aa+sbm1uF7Z2mDGOBSQOHLBRtD0nCKCcNRRUj7UgQFHiMtLzh9dhv3RMhacjrahQRN0B9Tn2KkdJSt1B1fIFwkjgigL30tps4PE7Tn7ujUJxJ8AoeZzY8gtUpleqHptktFK2yNSk4D3YGRZBVrVt4dnohjgPCFWZIyo5tRcpNkFAUM5KaTixJhPAQ9UlHI0cBkW4y2TWFB1rpQT8U+nAFJ+rviQQFUo4CT3cGSA3krDcW//M6sfIv3YTyKFaE4+lDfsygCuE4ONijgmDFRhoQFlT/FeIB0uEpHe84BHt25XlonpTt8/Lp3VmxUs3iyIM9sA9KwAYXoAJuQA00AAYP4Am8gjfj0XgxPozPaWvOyGZ2wZ8yvr4BuQGnPQ==</latexit>

dI⌫
d⌧⌫

= �I⌫ +B⌫(T )

<latexit sha1_base64="ri/agZO+dJeUbQqO9Ss85CqNYv0=">AAAB/HicbZDLSsNAFIZP6q3GW7RLN4NFcFUSFXUjlLrRXQV7gTaEyXTSDp1MwsxEKKG+ihsXirj1Qdz5NiZtFtr6w8DHf87hnPn9mDOlbfvbKK2srq1vlDfNre2d3T1r/6CtokQS2iIRj2TXx4pyJmhLM81pN5YUhz6nHX98k9c7j1QqFokHPYmpG+KhYAEjWGeWZ1XuvLQvkim6Ro05maZnVe2aPRNaBqeAKhRqetZXfxCRJKRCE46V6jl2rN0US80Ip1OznygaYzLGQ9rLUOCQKjedHT9Fx5kzQEEksyc0mrm/J1IcKjUJ/awzxHqkFmu5+V+tl+jgyk2ZiBNNBZkvChKOdITyJNCASUo0n2SAiWTZrYiMsMREZ3nlITiLX16G9mnNuaid3Z9X640ijjIcwhGcgAOXUIdbaEILCEzgGV7hzXgyXox342PeWjKKmQr8kfH5Awbtk7k=</latexit>

I⌫ = B⌫
<latexit sha1_base64="ZizF9IUoujF+gOw0qR/qWVYkEKk=">AAAB/HicbZDLSsNAFIZP6q3GW7RLN4NFcFUSFXUjlLpxWdFeoA1hMp20QyeTMDMRSqiv4saFIm59EHe+jUmbhbb+MPDxn3M4Z34/5kxp2/42Siura+sb5U1za3tnd8/aP2irKJGEtkjEI9n1saKcCdrSTHPajSXFoc9pxx/f5PXOI5WKReJBT2LqhngoWMAI1pnlWZV7L+2LZIquUWNOpulZVbtmz4SWwSmgCoWanvXVH0QkCanQhGOleo4dazfFUjPC6dTsJ4rGmIzxkPYyFDikyk1nx0/RceYMUBDJ7AmNZu7viRSHSk1CP+sMsR6pxVpu/lfrJTq4clMm4kRTQeaLgoQjHaE8CTRgkhLNJxlgIll2KyIjLDHRWV55CM7il5ehfVpzLmpnd+fVeqOIowyHcAQn4MAl1OEWmtACAhN4hld4M56MF+Pd+Ji3loxipgJ/ZHz+ABbJk8M=</latexit>

S⌫ = B⌫

Thermal radiation 

Note: thermal radiation becomes blackbody radiation when 
<latexit sha1_base64="/MacHcQktB+TvJv/2sM6PLw8lKs=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyVRUVdSdOOygn1AE8JkOmmHTiZhHkIN/RI3LhRx66e4829M2iy09cCFwzn3cu89QcKZ0rb9bZVWVtfWN8qbla3tnd1qbW+/o2IjCW2TmMeyF2BFORO0rZnmtJdIiqOA024wvs397iOVisXiQU8S6kV4KFjICNaZ5NeqrsbGT11hpugaORW/Vrcb9gxomTgFqUOBll/7cgcxMREVmnCsVN+xE+2lWGpGOJ1WXKNogskYD2k/owJHVHnp7PApOs6UAQpjmZXQaKb+nkhxpNQkCrLOCOuRWvRy8T+vb3R45aVMJEZTQeaLQsORjlGeAhowSYnmk4xgIll2KyIjLDHRWVZ5CM7iy8ukc9pwLhpn9+f15k0RRxkO4QhOwIFLaMIdtKANBAw8wyu8WU/Wi/VufcxbS1YxcwB/YH3+AF0Gkj4=</latexit>

⌧⌫ > 1

<latexit sha1_base64="30FAoRacHF8DcPfGE8I4FxLG1YI=">AAACKHicbZBdS8MwFIbT+TXrV9VLb4JDEMTRqqg34tAbvZvoPmAtI83SLSxNS5IKo/TneONf8UZEkd36S8y2Crp5IPDkfc8hOa8fMyqVbQ+Nwtz8wuJScdlcWV1b37A2t+oySgQmNRyxSDR9JAmjnNQUVYw0Y0FQ6DPS8PvXI7/xSISkEX9Qg5h4IepyGlCMlJba1qUbCITT1BUh7GS37dTlSZb93F2FklyCF/Awt+EBvJ+Qabatkl22xwVnwcmhBPKqtq03txPhJCRcYYakbDl2rLwUCUUxI5npJpLECPdRl7Q0chQS6aXjRTO4p5UODCKhD1dwrP6eSFEo5SD0dWeIVE9OeyPxP6+VqODcSymPE0U4njwUJAyqCI5Sgx0qCFZsoAFhQfVfIe4hnZzS2Y5CcKZXnoX6Udk5LR/fnZQqV3kcRbADdsE+cMAZqIAbUAU1gMETeAHv4MN4Nl6NT2M4aS0Y+cw2+FPG1zchAqaL</latexit>

dI⌫
d⌧⌫

= �I⌫ + S⌫ RT equation (written in terms of optical thickness)

Kirchoff’s law



Non-thermal radiation
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Four common examples in astronomy

1. Inverse Compton scattering
2. Synchrotron emission

3. Free-free emission (non-thermal bremsstrahlung)

4. Stimulated emission (e.g. LASERS, atomic processes)

From high energy particles

The emitted radiation does not depend on the temperature of the source

(typically the emission is being driven by ‘non-thermal’ or relativistic particles)



Review: Relativistic beaming of radiation
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Rest frame

Radiation emitted 
isotropically

Lab frame

Radiation is beamed in 
the forward direction

Answer is in R+L p. 110

<latexit sha1_base64="ly3SSHVbkz5X/jLN97kbilUdtio=">AAAB/XicbVDLSgNBEJz1GeMrPm5eBoPgKe6qqMegF48RzAOyS+idTJIhM7vLTK8QQ/BXvHhQxKv/4c2/cZLsQRMLGoqqbrq7wkQKg6777SwsLi2vrObW8usbm1vbhZ3dmolTzXiVxTLWjRAMlyLiVRQoeSPRHFQoeT3s34z9+gPXRsTRPQ4SHijoRqIjGKCVWoV9H3scgfpGKOqd+F1QClqFoltyJ6DzxMtIkWSotApffjtmqeIRMgnGND03wWAIGgWTfJT3U8MTYH3o8qalEShuguHk+hE9skqbdmJtK0I6UX9PDEEZM1Ch7VSAPTPrjcX/vGaKnatgKKIkRR6x6aJOKinGdBwFbQvNGcqBJcC0sLdS1gMNDG1geRuCN/vyPKmdlryL0tndebF8ncWRIwfkkBwTj1ySMrklFVIljDySZ/JK3pwn58V5dz6mrQtONrNH/sD5/AFsEpSR</latexit>

✓ ⇠ 1/�

Homework! Why? Hint: use relativistic aberration formula



(Inverse) Compton scattering
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• Compton scattering: Relativistic scattering between low energy charged particle and 
high energy photon

• Inverse Compton scattering: Relativistic scattering between high energy charged 
particle and low energy photon

Requirements
1. High energy charged particles
2. Radiation fields

Credit: CXC

Low energy photon

High energy photon

Charged particle
Simple case: single electron in 
monochromatic, isotropic photon field



Scattering in rest frame is in Thompson regime – elastic:

Scattered photons are isotropic

Back to the lab frame: hemisphere becomes cone with

so frequency higher by compared to electron frame

scattered frequency: 

(Inverse) Compton scattering

28

Relativistic electron with energy given by 
<latexit sha1_base64="CPmdOI20zx8RfRFAZ3JV9i1Gm4g=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyyCqzpTRd0IRRFcVrAX6IxDJs20oUlmSDJCGbp146u4caGIW9/AnW9j2o6grT8EPv5zDifnDxNGlXacL2tufmFxabmwUlxdW9/YtLe2GypOJSZ1HLNYtkKkCKOC1DXVjLQSSRAPGWmG/ctRvXlPpKKxuNWDhPgcdQWNKEbaWIENvS7iHMFzeBVknuSQDA/5D0F8VwnsklN2xoKz4OZQArlqgf3pdWKcciI0Zkiptusk2s+Q1BQzMix6qSIJwn3UJW2DAnGi/Gx8yRDuG6cDo1iaJzQcu78nMsSVGvDQdHKke2q6NjL/q7VTHZ35GRVJqonAk0VRyqCO4SgW2KGSYM0GBhCW1PwV4h6SCGsTXtGE4E6fPAuNStk9KR/dHJeqF3kcBbAL9sABcMEpqIJrUAN1gMEDeAIv4NV6tJ6tN+t90jpn5TM74I+sj2997pjx</latexit>

� = Ee/mec
2

In a frame where the electron is at rest:

(typically)

<latexit sha1_base64="ly3SSHVbkz5X/jLN97kbilUdtio=">AAAB/XicbVDLSgNBEJz1GeMrPm5eBoPgKe6qqMegF48RzAOyS+idTJIhM7vLTK8QQ/BXvHhQxKv/4c2/cZLsQRMLGoqqbrq7wkQKg6777SwsLi2vrObW8usbm1vbhZ3dmolTzXiVxTLWjRAMlyLiVRQoeSPRHFQoeT3s34z9+gPXRsTRPQ4SHijoRqIjGKCVWoV9H3scgfpGKOqd+F1QClqFoltyJ6DzxMtIkWSotApffjtmqeIRMgnGND03wWAIGgWTfJT3U8MTYH3o8qalEShuguHk+hE9skqbdmJtK0I6UX9PDEEZM1Ch7VSAPTPrjcX/vGaKnatgKKIkRR6x6aJOKinGdBwFbQvNGcqBJcC0sLdS1gMNDG1geRuCN/vyPKmdlryL0tndebF8ncWRIwfkkBwTj1ySMrklFVIljDySZ/JK3pwn58V5dz6mrQtONrNH/sD5/AFsEpSR</latexit>

✓ ⇠ 1/�
<latexit sha1_base64="nk4lpi8RSDJX/gIDJIVTPIBxw1I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOa3QEWAvfKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTtBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoenrqM80JZaPHcFEM3crIkOsMbEuoJILIVh8eZk0z6rBZfX8/qJSu8njKMIRHMMpBHAFNbiDOjSAwCM8wyu8ecp78d69j3lrwctnDuEPvM8fiYePHQ==</latexit>�

-
Photons appear to come 
from the front in a small 
angle, and higher frequency

<latexit sha1_base64="ly3SSHVbkz5X/jLN97kbilUdtio=">AAAB/XicbVDLSgNBEJz1GeMrPm5eBoPgKe6qqMegF48RzAOyS+idTJIhM7vLTK8QQ/BXvHhQxKv/4c2/cZLsQRMLGoqqbrq7wkQKg6777SwsLi2vrObW8usbm1vbhZ3dmolTzXiVxTLWjRAMlyLiVRQoeSPRHFQoeT3s34z9+gPXRsTRPQ4SHijoRqIjGKCVWoV9H3scgfpGKOqd+F1QClqFoltyJ6DzxMtIkWSotApffjtmqeIRMgnGND03wWAIGgWTfJT3U8MTYH3o8qalEShuguHk+hE9skqbdmJtK0I6UX9PDEEZM1Ch7VSAPTPrjcX/vGaKnatgKKIkRR6x6aJOKinGdBwFbQvNGcqBJcC0sLdS1gMNDG1geRuCN/vyPKmdlryL0tndebF8ncWRIwfkkBwTj1ySMrklFVIljDySZ/JK3pwn58V5dz6mrQtONrNH/sD5/AFsEpSR</latexit>

✓ ⇠ 1/�
<latexit sha1_base64="VdRu8TMxB3G6mIbAlZQ27sUYo7w=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUG0CrsqKtgEbSwjmAdkl+XuZJIMmZldZmaFsKS38VdsLBSx9Qfs/Bsnj0ITD1w4nHMv994TJZxp47rfTm5peWV1Lb9e2Njc2t4p7u41dJwqQusk5rFqRaApZ5LWDTOcthJFQUScNqPBzdhvPlClWSzvzTChgYCeZF1GwFgpLJZ8mR6Fma8EVlSbEfY1E9jvgRCA/Sts7bBYdivuBHiReDNSRjPUwuKX34lJKqg0hIPWbc9NTJCBMoxwOir4qaYJkAH0aNtSCYLqIJv8MsKHVungbqxsSYMn6u+JDITWQxHZTgGmr+e9sfif105N9zLImExSQyWZLuqmHJsYj4PBHaYoMXxoCRDF7K2Y9EEBMTa+gg3Bm395kTROKt555fTurFy9nsWRRweohI6Rhy5QFd2iGqojgh7RM3pFb86T8+K8Ox/T1pwzm9lHf+B8/gC7hJo3</latexit>

⌫0rest ⇠ � ⌫

<latexit sha1_base64="9OJ7o+AjsTIgjloXmpueeA8i1n8=">AAACDHicbVDLSgNBEJyNrxhfUY9eBkPQU9iNooKXoBePEcwDsjH0TibJkJnZZWZWCEs+wIu/4sWDIl79AG/+jZNkD5pY0FBUddPdFUScaeO6305maXlldS27ntvY3Nreye/u1XUYK0JrJOShagagKWeS1gwznDYjRUEEnDaC4fXEbzxQpVko78woom0Bfcl6jICxUidf8GV81El8JTCHYIx9zQT2+yAE3Jexf4mtb7vckjsFXiReSgooRbWT//K7IYkFlYZw0LrluZFpJ6AMI5yOc36saQRkCH3aslSCoLqdTJ8Z46JVurgXKlvS4Kn6eyIBofVI2FuLAsxAz3sT8T+vFZveRTthMooNlWS2qBdzbEI8SQZ3maLE8JElQBSzt2IyAAXE2PxyNgRv/uVFUi+XvLPSye1poXKVxpFFB+gQHSMPnaMKukFVVEMEPaJn9IrenCfnxXl3PmatGSed2Ud/4Hz+AOmQmkI=</latexit>

⌫0lab ⇠ �2 ⌫



(Inverse) Compton scattering
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A more detailed approach (e.g. orientation of interaction, frequency dependence of 
scattering etc) allows the spectrum to be calculated

<latexit sha1_base64="lNJN+R1pkS6rcWTZW+UYLnd4K1I=">AAACFXicbVDLSgMxFM34rPVVdekmWAQXUmbaoi6LblxWsA/o1HInzbShSWZIMmIZ+hNu/BU3LhRxK7jzb0wfC209EDiccy439wQxZ9q47reztLyyurae2chubm3v7Ob29us6ShShNRLxSDUD0JQzSWuGGU6bsaIgAk4bweBq7DfuqdIskrdmGNO2gJ5kISNgrNTJnfoBqNSXyQj7EMcqesB+qICk5VFasloPhIC7IraJjtvJ5d2COwFeJN6M5NEM1U7uy+9GJBFUGsJB65bnxqadgjKMcDrK+ommMZAB9GjLUgmC6nY6uWqEj63SxWGk7JMGT9TfEykIrYcisEkBpq/nvbH4n9dKTHjRTpmME0MlmS4KE45NhMcV4S5TlBg+tASIYvavmPTBlmJskVlbgjd/8iKpFwveWaF0U85XLmd1ZNAhOkInyEPnqIKuURXVEEGP6Bm9ojfnyXlx3p2PaXTJmc0coD9wPn8ABVGetQ==</latexit>

⌫̄ ⇡ 4

3
�2⌫0

Credit: Eline Tolstoy

As the electrons “cool”, 
γ becomes smaller 

<latexit sha1_base64="eBHi1sx2chiUTLEwTtnOKLKNWS8=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mq9ONW9OKxgtsW2lKyadqGZrNLkhVK6W/w4kERr/4gb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUNFGiGfdZJCPdDqjhUijuW2Elb8ea0zCQvBVMrlO/dc+1EZG6s9OY90I6UmIoGLVO8rsq6eN+voCLGGNCCEoJqZSxI7VatUSqiKSWQwFWaPTz791BxJKQK8skNaZDcGx7M6qtYJLPc93E8JiyCR3xjqOKhtz0Zotj5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vE5ih9XeTKg4sVyx5aJhIpGNUPo5GgjNmZVTRyjTwt2K2JhqyqzLJ+dC+PoU/U+apSIpFy9uLwv1q1UcWTiBUzgHAhWoww00wAcGAh7gCZ495T16L97rsjXjrWaO4Qe8t0/T7464</latexit>⌫0
<latexit sha1_base64="DOCf31veK6k3nfdpWIkgpzflfQI=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwFZI2tHVXdOOygn1IE8pkOmmHzkzCzEQooV/hxoUibv0cd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD486qo4lZh0cMxi2Q+RIowK0tFUM9JPJEE8ZKQXTq9yv3dPpKKxuNWzhAQcjQWNKEbaSHd+iGTmi3Q+LFcc+6JZr3p16NiO03Crbk6qDa/mQdcoOSpghfaw/O6PYpxyIjRmSKmB6yQ6yJDUFDMyL/mpIgnCUzQmA0MF4kQF2eLgOTwzyghGsTQlNFyo3ycyxJWa8dB0cqQn6reXi395g1RHzSCjIkk1EXi5KEoZ1DHMv4cjKgnWbGYIwpKaWyGeIImwNhmVTAhfn8L/Sbdqu3W7duNVWperOIrgBJyCc+CCBmiBa9AGHYABBw/gCTxb0nq0XqzXZWvBWs0cgx+w3j4BhESQ5g==</latexit>

⌫̄

frequency of ”target” photon

frequency of up-scattered photon



Synchrotron emission
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Requirements
1. High energy charged particles
2. Magnetic field

Most radiation received when particle direction is similar to line of sight ( ). 

Pulse of radiation gets compressed into a time  

Magnetic field
Electron spirals around 
magnetic field (helical path)

Synchrotron radiation emitted at 
critical frequency v0
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Synchrotron emission
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Typical sources: AGN/jets, radio galaxy, pulsars, supernova remnants, starburst galaxies

Usually observed in radio bands, but also visible, UV and X-ray synchrotron is possible
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v0 ⇡ q B �2

2⇡ mc

Peak frequency moves to the 
left as electron cools

cooling depends on energy: 
slope gets steeper over time

single electron

ensemble of electrons

Credit: SAO (Swinburne)



Emission spectrum for high energy electrons
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Centaurus A

Credit: H.E.S.S. collaboration 2020

Credit: ESO



3. Origins and interactions of high energy 
charged particles
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Knee

Knee

Ankle

34(Gaisser 2007)

High energy charged particles

Charged, relativisitic particles 
from violent astrophysical 
environments – cosmic rays

• Protons

• Electrons/positrons

• “Heavy” nuclei

• Gamma-rays (why?)

Cosmic ray spectrum 
detected on Earth



Gyroradius
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Uniform B field

Curved into the page

"!

"! depends on energy
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Cosmic ray origins
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rsys/cm

!
/G

Neutron stars

White 
dwarfs

AGN

GRBs

AGN jets

ISM hot spots

IGM shocks
Supernova 
remnants

Compare size of region to 
gyroradius (Hillas criterion)

(Owen 2019)

Needs to be ‘contained’ to sustain 
charged particle acceleration



Charged particle acceleration

Head-on collision of a particle with shock 
in both frames approaches the shock with 
velocity

v = v1 � v2 = v1

✓
1� 1

R

◆Downstream frame Upstream frame

v1 � v2 v1 � v2

37

v1 v2
⇢1 ⇢2

T1 T2

Magnetic shock
direction in lab frame

Zone 1 
downstream

Zone 2 
upstream

Consider a strong, magnetised shock (e.g. in a supernova remnant)

One simple example of particle 
acceleration (first-order Fermi acceleration)

In the lab frame, shock moves left to right
Fluid is thermal gas either side



Charged particle acceleration

Fractional energy gain of a particle per 
crossing

Entering the shock Exiting the shock

✓1
✓2

⇠ =
E2 � E1

E1
=

E2

E1
� 1

E0
1 = �LE1(1� � cos ✓1)

E2 = �LE
0
2(1 + � cos ✓02)

� =
v

c
�L =

1p
1� �2

Particle passing through the shock

38

primed: magnetic shock frame

unprimed: observer (lab) frame



Charged particle acceleration

E2

E1
=

✓
E0

2

E0
1

◆
�2
L(1� � cos ✓1)(1 + � cos ✓02)

) ⇠ =
1� � cos ✓1 + � cos ✓02 � �2 cos ✓1 cos ✓02

1� �2
� 1

hcos ✓1i = �2

3
hcos ✓2i = +

2

3
hcos ✓02i = 0

) h⇠i ' 4

3
� > 0

The magnetic field does not do work in shock frame, E0
1 = E0

2

Averaging over particles 
entering/leaving the shock
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Emergence of a power law spectrum

) h⇠i ' 4

3
� > 0• Each pass through the shock increases 

the energy

• After n crossings, energy is 

• Some particles will escape after a 
crossing – take P as probability of remain, 
so number remaining after each crossing

• Eliminate n and rearrange

• Result is CRs accelerated to high 
energies, ~GeV and above, following a 
power-law

E = E0h⇠in

N = N0P
n

N

N0
=

✓
E

E0

◆ log P
logh⇠i

=

✓
E

E0

◆��
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Knee

Knee

Ankle

Features of the cosmic ray spectrum

41(Gaisser 2007)



photo-pair production

photo-hadronic process

Cosmic ray interactions
Radiation fields



Cosmic ray interactions

electromagnetic decay

weak decay

Radiation fields



Cosmic ray interactions
hadron-hadron 

interaction

⌧em ⇡ 8.5⇥ 10�17s

⌧weak ⇡ 2.6⇥ 10�8s
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8
><

>:

p+ p+ ⇡0

p+ p+ ⇡+

p+ n+ ⇡+

n+�++ !
(
n+ p+ ⇡+

n+ n+ 2(⇡+)
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+ pion multiplicities at 
higher energies

Baryon fields



Cosmic ray interactions
hadron-hadron 

interaction
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+ pion multiplicities at 
higher energies
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Electrons can cause heating in 
dense conditions

Neutrinos smoking gun of hadronic 
interactions

Baryon fields



Cosmic ray propagation
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Uniform B field Tangled B field

Gyrates into page
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"! depends on energy



Diffusion and advection
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Credit: DesktopPaints 2022



Cosmic ray transport
Advection-diffusion model, general form:

advection diffusion
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Cosmic ray transport
Advection-diffusion model, general form:

source 
(injection) 

sink
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Simplified (practically useful) version

energy loss / cooling

interaction
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Cosmic ray transport
Advection-diffusion model, general form:



4. Research applications: high energy 
phenomena in and around star-forming 
galaxies
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Nearby starburst galaxies

image credit: ESO, NASA/ESA

M82 Arp220

SFR ⇠ 220M� yr�1SFR ⇠ (1� 10)M� yr�1

(Benech et al. 2010; Varenius et al. 2016)

SNR ⇠ 0.1yr�1 SNR ⇡ 4yr�1



Primordial galaxies

(Bremer and Lehnert 2005)

HST/ACS  images of galaxies at redshift z ~ 5 - 6 



Circum-galactic medium

(Tumlinson, Peeples and Werk 2017)



The curious case of MACS1149-JD1

(Hashimoto et al. 2018)

MACS1149-JD1



Reminder – hadronic interaction
hadron-hadron 

interaction
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Electrons can cause heating in 
dense conditions

Neutrinos smoking gun of hadronic 
interactions



Inside galaxies
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Energy loss path length of free-streaming CR in protogalactic environment at 
redshift z = 7

1. protogalactic radius
2. hadronic pion process
3. photo-pion process (galaxy)
4. photo-pair process (galaxy)
5. photo-pion process (CMB)
6. photo-pair process (CMB)
7. cosmological expansion
8. total

(Owen, Jacobsen, Wu et al. 2018)



Cosmic ray containment inside galaxies

Diffusion dominated regime

D(E, ~x, t) = D0(t)


rL(E,Brms)|~x,t

rL,0(tsat)
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Q(E, ~x, t) = {LCR(E)QCR(~x)}
����
t

magnetic-field scattering induced diffusion

(Owen, Jacobsen, Wu et al. 2018)



Cosmic ray containment inside galaxies
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(Owen, Jacobsen, Wu et al. 2018)

scattering of CR by the magnetic field lead to CR containment 

nCR[B scattered] ⇠ 106nCR[free streaming]

reasonable within the central 
region of the galaxy, but large 
uncertainty without a good 
model for the CGM/ISM 
interfacing field



Inside galaxies

(Owen, Jacobsen, Wu et al. 2018)

Cosmic-ray heating in comparison with other sources (absence of advection)

CR heating 
(at B saturation)

starlight heating 

X-ray heartingCR heating 
(free-streaming)

SNR = 0.1, 1, 10yr�1



Around galaxies - outflows

Advection dominated regime

Outflow direction 
(velocity v(h))

Active region

Effective edge of galaxy

Interstellar Medium

Circum-galactic Medium

Outflow opening angle, !
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= Q(t, ~x,E)� S(~x,E)

treat as an initial boundary condition
M82



Cosmic ray heating around galaxies
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Heating pattern in advection and diffusion dominated transport

(Owen, Jin, Wu et al. 2019)



Cosmic rays and structural evolution of 
the Universe

(Owen, Jin, Wu et al. 2019)

MACS1149-JD1



Cosmic ray heating and the structural 
evolution of the Universe

(Inoue 2014)

Cosmological 
gamma-ray 

background ?

Reminder – hadronic interaction
hadron-hadron 

interaction

p+ p !

8
>>>>>><

>>>>>>:
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>:

p+ p+ ⇡0

p+ p+ ⇡+

p+ n+ ⇡+

n+�++ !
(
n+ p+ ⇡+

n+ n+ 2(⇡+)

+ pion multiplicities at 
higher energies
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Electrons can cause heating in 
dense conditions

Neutrinos smoking gun of hadronic 
interactions



Nearby starburst galaxies

image credit: ESO, NASA/ESA

M82 Arp220

SFR ⇠ 220M� yr�1SFR ⇠ (1� 10)M� yr�1

(Benech et al. 2010; Varenius et al. 2016)

SNR ⇠ 0.1yr�1 SNR ⇡ 4yr�1

> 700 GeV

Karlsson+ 2009

VERITAS Fermi-LAT

Peng+ 2016

0.2-100 GeV

TS map



The gamma-ray background 10 years of Fermi-LAT
E>10 GeV

NASA/Fermi-LAT collaboration
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