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A Brief Walk in the Universe: 
A Pedagogical Introduction to Cosmology
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Prefaces

๏We will only scratch the surface, because cosmology 
in 1 hour is difficult…

๏The goals of this lecture:
‣Have a (very) rough idea about cosmology
‣Have a view on the current progress in this field
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Attack of Astronomers
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Time: 1 Gyr = 109 yr ≈ 3×1016 s ≈ 1060 tPlanck

Distance: 1 Mpc = 106 pc ≈ 3×1022 m ≈ 1057 dPlanck

Mass: 1 M⨀ ≈ 2×1030 kg ≈ 1038 mPlanck

Age of the universe ≈ 14 Gyr

Size of the universe ≈ 4000 Mpc

Total mass of a galaxy ≈ 1012 M⨀
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What is cosmology?
Cosmology is a study of the universe.
Cosmology is related to everything.
Why do we study cosmology?
Curiosity.
Cosmology always gives surprises (e.g., the 
cosmic expansion, dark matter and dark energy). 

credit: https://lunar.colorado.edu/lowfreq/
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Outlines

๏The standard cosmological model
๏The homogeneous universe
๏The inhomogeneous universe
๏Measurements of the universe
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The Standard Cosmological Model
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The Expansion of the Universe

7

๏ In 1923, Arthur Eddington compiled a list of wavelength shifts of 46 galaxies.
๏ 36 redshifting and 5 blueshifting.

Eddington 1923

<latexit sha1_base64="8weJpr11D4YILGztxl4/gArwJyU=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EmwFT2W3iHqSohePFeyHtEvJpmkbmmSXJCvUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2POtPG8bye3srq2vpHfdLe2d3b3CvsHDR0litA6iXikWiHWlDNJ64YZTluxoliEnDbD0c3Ubz5SpVkk7804poHAA8n6jGBjpYeS+4SukOeWuoWiV/ZmQMvEz0gRMtS6ha9OLyKJoNIQjrVu+15sghQrwwinE7eTaBpjMsID2rZUYkF1kM4OnqATq/RQP1K2pEEz9fdEioXWYxHaToHNUC96U/E/r52Y/mWQMhknhkoyX9RPODIRmn6PekxRYvjYEkwUs7ciMsQKE2Mzcm0I/uLLy6RRKfvn5bO7SrF6ncWRhyM4hlPw4QKqcAs1qAMBAc/wCm+Ocl6cd+dj3ppzsplD+APn8wes4I5f</latexit>

z > 0

<latexit sha1_base64="yuE+ZRkFonAJPva2hVSVsFtvJU4=">AAAB8HicbVA9SwNBEJ2LX/H8ilraLCaCVbgLohYWQRvLCOZDkiPsbTbJkt29Y3dPiEd+hY2FIrb+HDv/jZvkCk18MPB4b4aZeWHMmTae9+3kVlbX1jfym+7W9s7uXmH/oKGjRBFaJxGPVCvEmnImad0ww2krVhSLkNNmOLqZ+s1HqjSL5L0ZxzQQeCBZnxFsrPRQcp/QFfLcUrdQ9MreDGiZ+BkpQoZat/DV6UUkEVQawrHWbd+LTZBiZRjhdOJ2Ek1jTEZ4QNuWSiyoDtLZwRN0YpUe6kfKljRopv6eSLHQeixC2ymwGepFbyr+57UT078MUibjxFBJ5ov6CUcmQtPvUY8pSgwfW4KJYvZWRIZYYWJsRq4NwV98eZk0KmX/vHx2VylWr7M48nAEx3AKPlxAFW6hBnUgIOAZXuHNUc6L8+58zFtzTjZzCH/gfP4AqdCOXQ==</latexit>

z < 0

images: SDSS

<latexit sha1_base64="/72fK2TgBMfAyCqIgc2xVsvQWR8="></latexit>

z ⌘ �obs��emit
�emit

<latexit sha1_base64="DrFqOQV/h+kVQ26EJsKiVskX9Ns=">AAACA3icbVDLSsNAFJ3UV42vqDvdBFvBVUmKqMuiG5cV7AOaECaTSTt0ZhJmJkIJBTf+ihsXirj1J9z5N07aLLT1wMDhnHOZe0+YUiKV43wblZXVtfWN6qa5tb2zu2ftH3RlkgmEOyihieiHUGJKOO4ooijupwJDFlLcC8c3hd97wEKShN+rSYp9BoecxARBpaXAOqqbHtXxCAa5x6AaCZYnoZxOzXpg1ZyGM4O9TNyS1ECJdmB9eVGCMoa5QhRKOXCdVPk5FIogiqeml0mcQjSGQzzQlEOGpZ/Pbpjap1qJ7DgR+nFlz9TfEzlkUk5YqJPFmnLRK8T/vEGm4is/JzzNFOZo/lGcUVsldlGIHRGBkaITTSASRO9qoxEUECldm6lLcBdPXibdZsO9aJzfNWut67KOKjgGJ+AMuOAStMAtaIMOQOARPINX8GY8GS/Gu/Exj1aMcuYQ/IHx+QM9RpdH</latexit>

�obs : Observed frame
<latexit sha1_base64="M7YATD6oPqD2Fr92x6oo60oQnx8=">AAACBHicbVC7TsMwFHXKq4RXgLFLRIvEVCUVAsYKFsYi0YfURJHjOK1V24lsB6mKOrDwKywMIMTKR7DxNzhtBmg5kqWjc86V7z1hSolUjvNtVNbWNza3qtvmzu7e/oF1eNSTSSYQ7qKEJmIQQokp4biriKJ4kAoMWUhxP5zcFH7/AQtJEn6vpin2GRxxEhMElZYCq9YwParjEQxyj0E1FizHjKjZzGwEVt1pOnPYq8QtSR2U6ATWlxclKGOYK0ShlEPXSZWfQ6EIonhmepnEKUQTOMJDTTlkWPr5/IiZfaqVyI4ToR9X9lz9PZFDJuWUhTpZ7CmXvUL8zxtmKr7yc8LTTGGOFh/FGbVVYheN2BERGCk61QQiQfSuNhpDAZHSvZm6BHf55FXSazXdi+b5Xavevi7rqIIaOAFnwAWXoA1uQQd0AQKP4Bm8gjfjyXgx3o2PRbRilDPH4A+Mzx8OuZe8</latexit>

�emit: Rest frame

Blueshift

Redshift

The chance is less than 1/106
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The Expansion of the Universe
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๏ In 1929, Edwin Hubble measured the distance to the galaxies.
๏ The receding velocity has proportionality to the distance.
๏ The universe must be expanding
‣ The farther distance, the higher receding velocity
‣ Isotropy (no preferential direction)

๏ The beginning of modern cosmology

Distance

Ve
lo

ci
ty

Hubble 1929
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Rubin et al 2013

Hubble 1929
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Hubble–Lemaître law (or Hubble Law)
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<latexit sha1_base64="iUkIju0JPyuij0rQ8B/WDR1XHME="></latexit>

H0 ⌘ Hubble constant ⇡ h⇥ 100
km/sec

Mpc
, h ⇡ 0.7

tH ⌘ 1

H0
⌘ Hubble time =

r

v
⇡ 14 Gyr

dH ⌘ c
1

H0
⌘ Hubble distance ⇡ 4400 Mpc

<latexit sha1_base64="a3UtfrZtSY9sbX9iJiG8ODuKsO0=">AAACAHicbVC7SgNBFJ2Nr7i+Vi0sbAYTwSrsBlEbIWiTMoJ5QLIss5O7yZDZhzOzgRjS+Cs2ForY+hl2/o2TZAtNPHDhcM693HuPn3AmlW1/G7mV1bX1jfymubW9s7tn7R80ZJwKCnUa81i0fCKBswjqiikOrUQACX0OTX9wO/WbQxCSxdG9GiXghqQXsYBRorTkWUdFkz7iDjykbIiH+BpXPRsLs+hZBbtkz4CXiZORAspQ86yvTjemaQiRopxI2XbsRLljIhSjHCZmJ5WQEDogPWhrGpEQpDuePTDBp1rp4iAWuiKFZ+rviTEJpRyFvu4MierLRW8q/ue1UxVcuWMWJamCiM4XBSnHKsbTNHCXCaCKjzQhVDB9K6Z9IghVOjNTh+AsvrxMGuWSc1E6vysXKjdZHHl0jE7QGXLQJaqgKqqhOqJogp7RK3oznowX4934mLfmjGzmEP2B8fkDxiiT8w==</latexit>

cz ⌘ v = H0r
Redshift Distance

Distance measurements quantify the cosmic expansion.
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Hubble–Lemaître law (or Hubble Law)

11

<latexit sha1_base64="zP7Qe6eokDyS6GNqfQgVUAIRKBU=">AAAB8nicbVBNSwMxEJ2tX3X9qnr0EmwFT2W3iHosevFYwX7AdinZNG1Ds8mSZAtl6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzooQzbTzv2ylsbG5t7xR33b39g8Oj0vFJS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38/99oQqzaR4MtOEhjEeCjZgBBsrBRW3O6EkUzO30iuVvaq3AFonfk7KkKPRK311+5KkMRWGcKx14HuJCTOsDCOcztxuqmmCyRgPaWCpwDHVYbY4eYYurNJHA6lsCYMW6u+JDMdaT+PIdsbYjPSqNxf/84LUDG7DjIkkNVSQ5aJBypGRaP4/6jNFieFTSzBRzN6KyAgrTIxNybUh+Ksvr5NWrepfV68ea+X6XR5HEc7gHC7BhxuowwM0oAkEJDzDK7w5xnlx3p2PZWvByWdO4Q+czx/SMpBP</latexit>

~r

<latexit sha1_base64="+x9xZy/4xsRWuQqAVciEImqMR/0=">AAACBXicbVC7TgJBFJ3FF64v1FKLjWBiRXaJUUuijSUm8khYQmaHC0yYfWTmLpFstrHxV2wsNMbWf7DzbxxgCwVPcpOTc+6dO/d4keAKbfvbyK2srq1v5DfNre2d3b3C/kFDhbFkUGehCGXLowoED6COHAW0IgnU9wQ0vdHN1G+OQSoeBvc4iaDj00HA+5xR1FK3cFwyXYQHnL2USOiliTsGlozT1Cx1C0W7bM9gLRMnI0WSodYtfLm9kMU+BMgEVart2BF2EiqRMwGp6cYKIspGdABtTQPqg+oks92pdaqVntUPpa4ArZn6eyKhvlIT39OdPsWhWvSm4n9eO8b+VSfhQRQjBGy+qB8LC0NrGonV4xIYiokmlEmu/2qxIZWUoQ7O1CE4iycvk0al7FyUz+8qxep1FkeeHJETckYcckmq5JbUSJ0w8kieySt5M56MF+Pd+Ji35oxs5pD8gfH5A4V9mJk=</latexit>

~v

<latexit sha1_base64="NrLN+d/EHup7Su98++MVOGMM2Ko="></latexit>

r = a(t)�

a(t) = Scale factor with a(t0) = 1

� = Comoving coordinate = r(t0)

v ⌘ dr
dt = ȧ� =

ȧ
ar

H(t) ⌘ Hubble parameter =
ȧ(t)
a(t)

H(t0) = Hubble constant ⇡ 70
km/sec
Mpc

Hubble Law is a natural result of 
the homogeneous and isotropic 
expansion.

• Homogeneous: a(t) does not 
depend on .

• Isotropic: a(t) is a scalar.

<latexit sha1_base64="zP7Qe6eokDyS6GNqfQgVUAIRKBU=">AAAB8nicbVBNSwMxEJ2tX3X9qnr0EmwFT2W3iHosevFYwX7AdinZNG1Ds8mSZAtl6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzooQzbTzv2ylsbG5t7xR33b39g8Oj0vFJS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38/99oQqzaR4MtOEhjEeCjZgBBsrBRW3O6EkUzO30iuVvaq3AFonfk7KkKPRK311+5KkMRWGcKx14HuJCTOsDCOcztxuqmmCyRgPaWCpwDHVYbY4eYYurNJHA6lsCYMW6u+JDMdaT+PIdsbYjPSqNxf/84LUDG7DjIkkNVSQ5aJBypGRaP4/6jNFieFTSzBRzN6KyAgrTIxNybUh+Ksvr5NWrepfV68ea+X6XR5HEc7gHC7BhxuowwM0oAkEJDzDK7w5xnlx3p2PZWvByWdO4Q+czx/SMpBP</latexit>

~r
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Redshift

12

<latexit sha1_base64="8weJpr11D4YILGztxl4/gArwJyU=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EmwFT2W3iHqSohePFeyHtEvJpmkbmmSXJCvUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2POtPG8bye3srq2vpHfdLe2d3b3CvsHDR0litA6iXikWiHWlDNJ64YZTluxoliEnDbD0c3Ubz5SpVkk7804poHAA8n6jGBjpYeS+4SukOeWuoWiV/ZmQMvEz0gRMtS6ha9OLyKJoNIQjrVu+15sghQrwwinE7eTaBpjMsID2rZUYkF1kM4OnqATq/RQP1K2pEEz9fdEioXWYxHaToHNUC96U/E/r52Y/mWQMhknhkoyX9RPODIRmn6PekxRYvjYEkwUs7ciMsQKE2Mzcm0I/uLLy6RRKfvn5bO7SrF6ncWRhyM4hlPw4QKqcAs1qAMBAc/wCm+Ocl6cd+dj3ppzsplD+APn8wes4I5f</latexit>

z > 0

<latexit sha1_base64="yuE+ZRkFonAJPva2hVSVsFtvJU4=">AAAB8HicbVA9SwNBEJ2LX/H8ilraLCaCVbgLohYWQRvLCOZDkiPsbTbJkt29Y3dPiEd+hY2FIrb+HDv/jZvkCk18MPB4b4aZeWHMmTae9+3kVlbX1jfym+7W9s7uXmH/oKGjRBFaJxGPVCvEmnImad0ww2krVhSLkNNmOLqZ+s1HqjSL5L0ZxzQQeCBZnxFsrPRQcp/QFfLcUrdQ9MreDGiZ+BkpQoZat/DV6UUkEVQawrHWbd+LTZBiZRjhdOJ2Ek1jTEZ4QNuWSiyoDtLZwRN0YpUe6kfKljRopv6eSLHQeixC2ymwGepFbyr+57UT078MUibjxFBJ5ov6CUcmQtPvUY8pSgwfW4KJYvZWRIZYYWJsRq4NwV98eZk0KmX/vHx2VylWr7M48nAEx3AKPlxAFW6hBnUgIOAZXuHNUc6L8+58zFtzTjZzCH/gfP4AqdCOXQ==</latexit>

z < 0

images: SDSS

<latexit sha1_base64="/72fK2TgBMfAyCqIgc2xVsvQWR8="></latexit>

z ⌘ �obs��emit
�emit

<latexit sha1_base64="DrFqOQV/h+kVQ26EJsKiVskX9Ns=">AAACA3icbVDLSsNAFJ3UV42vqDvdBFvBVUmKqMuiG5cV7AOaECaTSTt0ZhJmJkIJBTf+ihsXirj1J9z5N07aLLT1wMDhnHOZe0+YUiKV43wblZXVtfWN6qa5tb2zu2ftH3RlkgmEOyihieiHUGJKOO4ooijupwJDFlLcC8c3hd97wEKShN+rSYp9BoecxARBpaXAOqqbHtXxCAa5x6AaCZYnoZxOzXpg1ZyGM4O9TNyS1ECJdmB9eVGCMoa5QhRKOXCdVPk5FIogiqeml0mcQjSGQzzQlEOGpZ/Pbpjap1qJ7DgR+nFlz9TfEzlkUk5YqJPFmnLRK8T/vEGm4is/JzzNFOZo/lGcUVsldlGIHRGBkaITTSASRO9qoxEUECldm6lLcBdPXibdZsO9aJzfNWut67KOKjgGJ+AMuOAStMAtaIMOQOARPINX8GY8GS/Gu/Exj1aMcuYQ/IHx+QM9RpdH</latexit>

�obs : Observed frame
<latexit sha1_base64="M7YATD6oPqD2Fr92x6oo60oQnx8=">AAACBHicbVC7TsMwFHXKq4RXgLFLRIvEVCUVAsYKFsYi0YfURJHjOK1V24lsB6mKOrDwKywMIMTKR7DxNzhtBmg5kqWjc86V7z1hSolUjvNtVNbWNza3qtvmzu7e/oF1eNSTSSYQ7qKEJmIQQokp4biriKJ4kAoMWUhxP5zcFH7/AQtJEn6vpin2GRxxEhMElZYCq9YwParjEQxyj0E1FizHjKjZzGwEVt1pOnPYq8QtSR2U6ATWlxclKGOYK0ShlEPXSZWfQ6EIonhmepnEKUQTOMJDTTlkWPr5/IiZfaqVyI4ToR9X9lz9PZFDJuWUhTpZ7CmXvUL8zxtmKr7yc8LTTGGOFh/FGbVVYheN2BERGCk61QQiQfSuNhpDAZHSvZm6BHf55FXSazXdi+b5Xavevi7rqIIaOAFnwAWXoA1uQQd0AQKP4Bm8gjfjyXgx3o2PRbRilDPH4A+Mzx8OuZe8</latexit>

�emit: Rest frame

Blueshift

Redshift

te
<latexit sha1_base64="ChOkhU6glH2qzrIYp9gbVrdN0B8=">AAACFHicbVDLSsNAFJ3UV42vqEs3g60gCCUpom6EohsXLirYBzQhTCaTdujkwcxEKCEf4cZfceNCEbcu3Pk3TtostPXAwOGcc5l7j5cwKqRpfmuVpeWV1bXqur6xubW9Y+zudUWcckw6OGYx73tIEEYj0pFUMtJPOEGhx0jPG18Xfu+BcEHj6F5OEuKEaBjRgGIkleQaJ3XdZiruIzezQyRHPMxInsNLOCfc6nXXqJkNcwq4SKyS1ECJtmt82X6M05BEEjMkxMAyE+lkiEuKGcl1OxUkQXiMhmSgaIRCIpxselQOj5TiwyDm6kUSTtXfExkKhZiEnkoWa4p5rxD/8wapDC6cjEZJKkmEZx8FKYMyhkVD0KecYMkmiiDMqdoV4hHiCEvVo65KsOZPXiTdZsM6a5zeNWutq7KOKjgAh+AYWOActMANaIMOwOARPINX8KY9aS/au/Yxi1a0cmYf/IH2+QOr7Z31</latexit>

�e = aeL

to
<latexit sha1_base64="PZrg6WJvp2o7vlybAnKObvS86Co=">AAACFHicbVDLSsNAFJ3UV42vqEs3g60gCCUpom6EohsXLirYBzQhTCaTdujkwcxEKCEf4cZfceNCEbcu3Pk3TtostPXAwOGcc5l7j5cwKqRpfmuVpeWV1bXqur6xubW9Y+zudUWcckw6OGYx73tIEEYj0pFUMtJPOEGhx0jPG18Xfu+BcEHj6F5OEuKEaBjRgGIkleQaJ3XdZiruIzezQyRHPMziPIeXcE641euuUTMb5hRwkVglqYESbdf4sv0YpyGJJGZIiIFlJtLJEJcUM5LrdipIgvAYDclA0QiFRDjZ9KgcHinFh0HM1YsknKq/JzIUCjEJPZUs1hTzXiH+5w1SGVw4GY2SVJIIzz4KUgZlDIuGoE85wZJNFEGYU7UrxCPEEZaqR12VYM2fvEi6zYZ11ji9a9ZaV2UdVXAADsExsMA5aIEb0AYdgMEjeAav4E170l60d+1jFq1o5cw++APt8wfLX54J</latexit>

�o = aoL

<latexit sha1_base64="xhKo1MJehp1+4L8Hxwyw1jHSZ44="></latexit>

z = �o��e
�e

= aoL�aeL
aeL

= ao
ae

� 1 ⌘ 1
a � 1

<latexit sha1_base64="NL4RcPcu8asVHIOZZYj4R9qztzk=">AAACA3icbVDLSsNAFL2prxpfUXe6GWwFQShJEXUjFN24rGAf0IYymU7aoZMHMxOhhoAbf8WNC0Xc+hPu/BunbRZaPXDhcM693HuPF3MmlW1/GYWFxaXlleKquba+sbllbe80ZZQIQhsk4pFoe1hSzkLaUExx2o4FxYHHacsbXU381h0VkkXhrRrH1A3wIGQ+I1hpqWftlc2uLzBJHZSlCKMMXSAHHaN7s9yzSnbFngL9JU5OSpCj3rM+u/2IJAENFeFYyo5jx8pNsVCMcJqZ3UTSGJMRHtCOpiEOqHTT6Q8ZOtRKH/mR0BUqNFV/TqQ4kHIceLozwGoo572J+J/XSZR/7qYsjBNFQzJb5CccqQhNAkF9JihRfKwJJoLpWxEZYh2J0rGZOgRn/uW/pFmtOKeVk5tqqXaZx1GEfTiAI3DgDGpwDXVoAIEHeIIXeDUejWfjzXiftRaMfGYXfsH4+AbvoJR/</latexit>

1
a = 1 + z

z = 0: now (or local universe)
z > 0: past (or distant universe)
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The steady state model
The universe is homogeneous 
and isotropic (i.e., the 
cosmological principle) with the 
constant global properties (e.g., 
temperature, density). 

The Cosmological Models

13

In 1915, A. Einstein developed the “Einstein equations”. 
In his early model, he believed a “static” universe.

In 1929, E. Hubble discovered the expansion of the universe.In 1929, E. Hubble discovered the expansion of the universe.

The big bang model
The universe is homogeneous 
and isotropic (i.e., the 
cosmological principle) with the 
global properties (e.g., 
temperature, density) changing 
with time. 

Bondi, Gold & Hoyle 1948

G. Gamor G. Lemaître
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The Steady State Cosmological Model

14

๏Hubble Law does not require a big bang.
๏The steady state model implies the creation of matter.

<latexit sha1_base64="jJ79XoUH48Gqn/ANQkUUtEo+e+0="></latexit>

dr
dt = H0r ) r / e

H0t , assuming H(t) = H0.

<latexit sha1_base64="kGfeJRwihm9xvFNmc2umEF/dzXE="></latexit>

V / r
3 = e

3H0t ) Ṁ = ⇢V̇ = ⇢3H0V

<latexit sha1_base64="3j40qMQ7+iQdrs9v9UDhcWWiW6g="></latexit>

Ṁ
V = ⇢3H0 = ⇢03H0 (assuming ⇢ = ⇢0) ⇡ 10�27 kg

m3 /Gyr

Constant cosmic expansion

Constant mean matter density

≈ 1 atom in 1 m3 per Gyr
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The Cosmological Models

15

The steady state model
The universe is homogeneous 
and isotropic (i.e., the 
cosmological principle) with the 
constant global properties (e.g., 
temperature, density). 

The big bang model
The universe is homogeneous 
and isotropic (i.e., the 
cosmological principle) with the 
global properties (e.g., 
temperature, density) changing 
with time. 



2022 NCTS-TCA Summer Student Program

The Cosmological Models

16

In 1965,  Arno Penzias and Robert Wilson 
(accidentally) discovered the “Cosmic Microwave 
Background (CMB)”, which is evidence of the hot 
big bang.

The steady state model
The universe is homogeneous 
and isotropic (i.e., the 
cosmological principle) with the 
constant global properties (e.g., 
temperature, density). 

The big bang model
The universe is homogeneous 
and isotropic (i.e., the 
cosmological principle) with the 
global properties (e.g., 
temperature, density) changing 
with time. 
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The Cosmic Microwave Background (CMB)

17

NASA Isotropic 2.7K
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The Cosmic Microwave Background (CMB)

18 Fixten+09

๏CMB is excellently fitted by a blackbody radiation with T = 2.72548 ± 0.00057 K.
๏The blackbody CMB ⇒ a thermal equilibrium ⇒ high collision rates of photons 
⇒ the universe is opaque.

๏The global properties change with time (opaque → transparent).
๏The CMB is the relic of the hot big bang.

<latexit sha1_base64="sfWBvZor7cQQUqzTO1+a5V/PwAU="></latexit>

n(⌫)d⌫ = 8⇡
c3

⌫2d⌫

exp
⇣

h⌫
kBT

⌘
�1
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The Anisotropy of CMB at Small Scales

19

NASA

<latexit sha1_base64="Xd2C0Z9yr9OS5OgaKZ0Bhf0r1YM="></latexit>

| �TT | ⇡ 10�5 for 5 deg . ✓ . 180 deg
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The Triumph of Cosmology—CMB

20

Credit: wiki
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The Accelerating Expansion of the Universe

21

ESO

https://universe-review.ca/

Credit: Georg Wolschin, University of Heidelberg.  http://cerncourier.com/cws/article/cern/37859

<latexit sha1_base64="kLRaiQeuQbx/vqeayi0MsgxTl00=">AAAB9XicbVBNS8NAEJ3Urxq/qh69LLaCp5IUUS9C0UuPFewHtLFstpt26WYTdjdKDf0fXjwo4tX/4s1/47bNQVsfDDzem2Fmnh9zprTjfFu5ldW19Y38pr21vbO7V9g/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH91M/dYDlYpF4k6PY+qFeCBYwAjWRrov2eQJXaFaz0HSLvUKRafszICWiZuRImSo9wpf3X5EkpAKTThWquM6sfZSLDUjnE7sbqJojMkID2jHUIFDqrx0dvUEnRilj4JImhIazdTfEykOlRqHvukMsR6qRW8q/ud1Eh1ceikTcaKpIPNFQcKRjtA0AtRnkhLNx4ZgIpm5FZEhlphoE5RtQnAXX14mzUrZPS+f3VaK1essjjwcwTGcggsXUIUa1KEBBCQ8wyu8WY/Wi/Vufcxbc1Y2cwh/YH3+AOL/kCw=</latexit>

cz = H0r

The type Ia supernovae 
(the standard candle) 
⇒ an accelerating expansion

http://cerncourier.com/cws/article/cern/37859
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A “Dark” Component—Dark Energy

22

๏Dark Energy, providing 
a negative pressure, is 
required by the 
accelerating expansion.

๏Completely beyond the 
standard physics

๏Dark energy could be 
just a “cosmological 
constant Λ (Lambda)”.

๏Understanding dark 
energy is the top priority 
in physics.

๏So far, only cosmology 
successfully probes dark 
energy.

Image courtesy: LBL
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Another Darkness: Dark Matter

23

๏ In 1930s, F. Zwicky found that 
the self-gravity of luminous stars 
is not enough to support Coma 
cluster. 
⇒ Dunkle Matter (Dark Matter)

๏ In 1970s, V. Rubin showed the 
flat rotation curve. 
⇒ a kind of unseen matter must 
exist

๏ (Cold) Dark Matter
-only interacts via gravity
-comprises a large fraction 
(≳80%) of matter
-is beyond the Standard Model

๏Dark matter has only been 
successfully discovered/probed 
in cosmology.

Coma cluster

F. Zwicky

V. Rubin
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The Standard Cosmological Model

24

๏The universe is homogeneous and 
isotropic at large scales.

๏The universe originated from a 
“big bang” and has been expanding 
since then.

๏The cosmic expansion at the 
present day is accelerating.

๏The ΛCDM model: the universe is 
now composed of
≈5% baryonic matter
≈25% cold dark matter (CDM)
≈70% dark energy (Λ) 

๏Observational facts supported.
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The Homogeneous Universe

25
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Only little is needed to described the universe:
the Einstein equations and the Boltzmann equation.

Friedmann–Lemaître–Robertson–Walker (FLRW) metric: a homogeneous and 
isotropic expansion 
<latexit sha1_base64="4YyIqNLI30FFcavWmv9irqCWtqY="></latexit>

ds2 = c2dt2 � a(t)2
⇣

d�2

1�k�2 + �2
�
d✓2 + sin2 ✓d�2

�⌘

k=0! c2dt2 �
�
dx2 + dy2 + dz2

�

Friedmann equations:
<latexit sha1_base64="m4MMc5GEGk/gKSL0BoA/lbOc908="></latexit>�
ȧ
a

�2
+ kc2

a2 = 8⇡G
3 ⇢+ ⇤c2

3

ä
a = � 4⇡G

3

�
⇢+ 3p

c2

�
+ ⇤c2

3

The Einstein equations: 
The geometry of spacetime is related to 
the energy content of the universe. 

<latexit sha1_base64="BwtQ9uB+4/0CGSR4U9gJTSyZ0yU=">AAACF3icbVDLSsNAFJ34rPFVdelmsBVclaQU7UYouqjLCn1BE8NkOmmHTiZhZiKUkL9w46+4caGIW935N04fiLYeuHA4517uvcePGZXKsr6MldW19Y3N3Ja5vbO7t58/OGzLKBGYtHDEItH1kSSMctJSVDHSjQVBoc9Ixx9dT/zOPRGSRrypxjFxQzTgNKAYKS15+VLRrHupEyYOTzJ4CZ1AIJxWnZjCepbiu0oGmz++WfTyBatkTQGXiT0nBTBHw8t/Ov0IJyHhCjMkZc+2YuWmSCiKGclMJ5EkRniEBqSnKUchkW46/SuDp1rpwyASuriCU/X3RIpCKcehrztDpIZy0ZuI/3m9RAVVN6U8ThTheLYoSBhUEZyEBPtUEKzYWBOEBdW3QjxEOhmlozR1CPbiy8ukXS7Z56XKbblQu5rHkQPH4AScARtcgBq4AQ3QAhg8gCfwAl6NR+PZeDPeZ60rxnzmCPyB8fENt7aeaw==</latexit>

Gµ⌫ = 8⇡G
c4 Tµ⌫

<latexit sha1_base64="rVkzvTq3KMBrToydkScOlk+GDsY=">AAACB3icbVDLSsNAFL3xWeMr6lKQwVZwVZIi6rLopssK9gFNKJPppB06eTgzKZTQnRt/xY0LRdz6C+78G6dtFtp64MLhnHuYucdPOJPKtr+NldW19Y3Nwpa5vbO7t28dHDZlnApCGyTmsWj7WFLOItpQTHHaTgTFoc9pyx/eTv3WiArJ4uhejRPqhbgfsYARrLTUtU5KZg259CFlI+QGApPM7cUqw5OJHrPUtYp22Z4BLRMnJ0XIUe9aXzpP0pBGinAsZcexE+VlWChGOJ2YbippgskQ92lH0wiHVHrZ7I4JOtNKDwWx0BMpNFN/JzIcSjkOfb0ZYjWQi95U/M/rpCq49jIWJamiEZk/FKQcqRhNS0E9JihRfKwJJoLpvyIywLoNpaszdQnO4snLpFkpO5fli7tKsXqT11GAYziFc3DgCqpQgzo0gMAjPMMrvBlPxovxbnzMV1eMPHMEf2B8/gChM5iN</latexit>

H ⌘ ȧ
aRecall

A. Friedmann 
<latexit sha1_base64="fYFF1NMr+pXFkgNBS/WK4ePZun0="></latexit>

k : curvature
⇢ : energy density
p : pressure
⇤ : cosmological constant

Che-Yu’s lecture
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Let’s make the following assumptions and definitions.

Friedmann equations:
<latexit sha1_base64="2ETpsHBgzlIQUkkxtJTy34I+CTc="></latexit>

H
2 = 8⇡G

3 ⇢ = 8⇡G
3 (⇢m + ⇢� + ⇢⇤)

H
2 + Ḣ = ä

a = � 4⇡G
3

P
i2{m,�,⇤} [⇢i (1 + 3wi)]

The expansion is determined by the content of the universe.

<latexit sha1_base64="EiEeecF3cOkL59mX5HVaCGve6x8="></latexit>

k ⇡ 0 (i.e., flat universe)

H ⌘ ȧ
a (i.e., Hubble Law)

⇢⇤ ⌘ ⇤c2

8⇡G (i.e., the energy density of ⇤)

⇢ = ⇢m + ⇢� + ⇢⇤ (i.e., assuming only matter, radiations, and ⇤)

pi = wi⇢ic
2
(i.e., the equation of state)
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The First Friedmann Equation

28

<latexit sha1_base64="RPy15544U+ZkvSPh6Qidms2YZEU="></latexit>

H
2 = 8⇡G

3 ⇢ = 8⇡G
3 (⇢m + ⇢� + ⇢⇤)

Cosmic expansion (Hubble parameter) ⇔ Energy density

<latexit sha1_base64="jDGHka74Fl4o2tLax0RZrZzMQxQ="></latexit>

Ḣ = �4⇡G
P

i2{m,�,⇤} [⇢i (1 + wi)]

<latexit sha1_base64="D5UVFkbXda7GARrvqqgT3s2xJLI="></latexit>

2HḢ = 8⇡G
3

P
i2{m,�,⇤} ⇢̇i

<latexit sha1_base64="FPb/M5t7ePNIsVkyXVV4amP96jM="></latexit>P
i2{m,�,⇤} ⇢̇i = �3H

P
i2{m,�,⇤} [⇢i (1 + wi)]

⇢̇m = �3H⇢m (1 + wm)

⇢̇� = �3H⇢� (1 + w�)

⇢̇⇤ = �3H⇢⇤ (1 + w⇤)

Combination of two Friedmann 
equations.

Time derivative of the first 
Friedmann equation

Density evolutions depend on 
the Hubble parameter.

<latexit sha1_base64="rVkzvTq3KMBrToydkScOlk+GDsY=">AAACB3icbVDLSsNAFL3xWeMr6lKQwVZwVZIi6rLopssK9gFNKJPppB06eTgzKZTQnRt/xY0LRdz6C+78G6dtFtp64MLhnHuYucdPOJPKtr+NldW19Y3Nwpa5vbO7t28dHDZlnApCGyTmsWj7WFLOItpQTHHaTgTFoc9pyx/eTv3WiArJ4uhejRPqhbgfsYARrLTUtU5KZg259CFlI+QGApPM7cUqw5OJHrPUtYp22Z4BLRMnJ0XIUe9aXzpP0pBGinAsZcexE+VlWChGOJ2YbippgskQ92lH0wiHVHrZ7I4JOtNKDwWx0BMpNFN/JzIcSjkOfb0ZYjWQi95U/M/rpCq49jIWJamiEZk/FKQcqRhNS0E9JihRfKwJJoLpvyIywLoNpaszdQnO4snLpFkpO5fli7tKsXqT11GAYziFc3DgCqpQgzo0gMAjPMMrvBlPxovxbnzMV1eMPHMEf2B8/gChM5iN</latexit>

H ⌘ ȧ
aRecall
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We know                  and                :
<latexit sha1_base64="5K5FzARb6/+raT4ud9fA1RaTsE4=">AAAB/3icbVDLSsNAFJ3UV42vqODGzWAruCpJEXUjFN24rGAf0IYwmU7aoTNJmJkoJWbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+b4MaNS2fa3UVpaXlldK6+bG5tb2zvW7l5bRonApIUjFomujyRhNCQtRRUj3VgQxH1GOv74Ovc790RIGoV3ahITl6NhSAOKkdKSZx1UzQcv7XOkRoKnPMvgJbTNqmdV7Jo9BVwkTkEqoEDTs776gwgnnIQKMyRlz7Fj5aZIKIoZycx+IkmM8BgNSU/TEHEi3XSaP4PHWhnAIBL6hQpO1d8bKeJSTrivJ/Ogct7Lxf+8XqKCCzelYZwoEuLZoSBhUEUwLwMOqCBYsYkmCAuqs0I8QgJhpSszdQnO/JcXSbtec85qp7f1SuOqqKMMDsEROAEOOAcNcAOaoAUweATP4BW8GU/Gi/FufMxGS0axsw/+wPj8AdOclK8=</latexit>

wm = 0
<latexit sha1_base64="N0hIfPCr2k+EeYT7l6DycwG4WKk=">AAACBXicbVDLSsNAFJ34rPEVdamLwVZwVZIq6kYounFZwT6gCWEynbRDZ5IwM1FKyMaNv+LGhSJu/Qd3/o3TNgttPXDhcM693HtPkDAqlW1/GwuLS8srq6U1c31jc2vb2tltyTgVmDRxzGLRCZAkjEakqahipJMIgnjASDsYXo/99j0RksbRnRolxOOoH9GQYqS05FsHFfPBz9w+4hzl8BK6oUA4c/LsJDcrvlW2q/YEcJ44BSmDAg3f+nJ7MU45iRRmSMquYyfKy5BQFDOSm24qSYLwEPVJV9MIcSK9bPJFDo+00oNhLHRFCk7U3xMZ4lKOeKA7OVIDOeuNxf+8bqrCCy+jUZIqEuHpojBlUMVwHAnsUUGwYiNNEBZU3wrxAOkclA7O1CE4sy/Pk1at6pxVT29r5fpVEUcJ7INDcAwccA7q4AY0QBNg8AiewSt4M56MF+Pd+Ji2LhjFzB74A+PzBzNtlxw=</latexit>

w� = 1
3

<latexit sha1_base64="PNkISH9NzMK37MlMOuIdUbeUWo4="></latexit>
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<latexit sha1_base64="jvqO8FmDEqS2jtQc4ZG+TGx5D5A="></latexit>

⇢crit,0 ⌘ 3H2
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8⇡G

⌦m ⌘ ⇢m,0
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⌦� ⌘ ⇢�,0
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<latexit sha1_base64="lnR2zWzxz8YK8YEL35M7dQiL7Jc="></latexit>
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<latexit sha1_base64="ggRQRGvGjjHvhi3tLSnwjAXjFGA="></latexit>

H
2 = H0

2
�
⌦ma

�3 + ⌦�a
�4 + ⌦⇤a

�3(1+w⇤)
�

Energy densities 
depend on a and w

The density of 
radiations decays faster 
than that of matter.

The Hubble parameter 
scaling depends on 
energy fractions

Current energy fraction of matter

Current energy fraction of “dark energy”

Current critical density

Current energy fraction of radiations
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The first Friedmann equation in a general form:
<latexit sha1_base64="HUZbbMzdpETVAlLG6WnJVnX7T+8="></latexit>

H
2 = H0

2
�
⌦�a

�4 + ⌦ma
�3 + ⌦ka

�2 + ⌦⇤a
�3(1+w⇤)

�

 
 
Based on the scaling, there 
was a time at a ≈ 3×10-4 or 
z ≈ 3000 when the 
universe is in the matter-
radiation equality. 

At the present day, we observe  
<latexit sha1_base64="KoDrHL+RogA1wjfQKjqsx+Dfxvg="></latexit>

⌦m ⇡ 0.3,⌦� ⇡ 10�4,⌦⇤ ⇡ 0.7,

<latexit sha1_base64="vWVgUn3YP6QstBQJAwiIdNtwA48="></latexit>

radiation�matter equality : a�m ⇡ 10�4 z�m ⇡ 3440 t�m ⇡ 50, 000 yr
matter� ⇤ equality : am⇤ ⇡ 0.77 zm⇤ ⇡ 0.3 tm⇤ ⇡ 10 Gyr

now : a = 1 z = 0 t ⇡ 14 Gyr

<latexit sha1_base64="JvmkCYUFdEr3QP6HsGi1ivFmjaI="></latexit>

⇢m

⇢�
= ⇢m,0a

�3

⇢�,0a�4 ⇡ 0.3
10�4 a ⇡ 3000a ⇡ 3000⇥ 1

1+z

S. Dodelson 
Modern Cosmology
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The Second Friedmann (Acceleration) Equation

31

<latexit sha1_base64="xnokhJRiyK8SjbmLDj1H3ViM1fk="></latexit>

ä
a = � 4⇡G

3 ⇢ (1 + 3w)

<latexit sha1_base64="YPpQBlTaS3kQfbPNtSK9cVhyjRs="></latexit>

Deceleration , ä < 0 , w > � 1
3

Acceleration , ä > 0 , w < � 1
3

In the radiation and matter dominated eras, the expansion is decelerating.

The accelerating expansion ⇒ w < -1/3.

What is dark energy?

     If w = -1,

     If w < -1,

     If w > -1,

<latexit sha1_base64="pNPSfYt9eLqc+Cwaq3TdGw0Jhn4="></latexit>

⇢̇⇤ = �3H⇢⇤ (1 + w) = 0

The ac/deceleration of the expansion ⇔ the nature of energy contents

The cosmological constant (Λ)
<latexit sha1_base64="Lmmcniyc/WtN/ZCPRZbVeI403s4=">AAACBXicbVA7T8MwGHTKq4RXgBEGixaJqUoqBEyogoWBoUj0ITVR5Dhua9VxIttBqqIsLPwVFgYQYuU/sPFvcNsM0HKSpdPdd7a/CxJGpbLtb6O0tLyyulZeNzc2t7Z3rN29toxTgUkLxywW3QBJwignLUUVI91EEBQFjHSC0fXE7zwQIWnM79U4IV6EBpz2KUZKS751WDXdMFaZK4Zx7mfurY6GKIeX0DarvlWxa/YUcJE4BamAAk3f+tKX4TQiXGGGpOw5dqK8DAlFMSO56aaSJAiP0ID0NOUoItLLplvk8FgrIezHQh+u4FT9nchQJOU4CvRkhNRQznsT8T+vl6r+hZdRnqSKcDx7qJ8yqGI4qQSGVBCs2FgThAXVf4V4iATCShdn6hKc+ZUXSbtec85qp3f1SuOqqKMMDsAROAEOOAcNcAOaoAUweATP4BW8GU/Gi/FufMxGS0aR2Qd/YHz+AByklwg=</latexit>

⇢̇⇤ > 0
<latexit sha1_base64="kd7m52Ix9rYu/cIS8zhB/Fe9Cvg=">AAACBXicbVA7T8MwGHTKq4RXgBEGixaJqUoqBAwMFSwMDEWiD6mJIsdxW6uOE9kOUhVlYeGvsDCAECv/gY1/g9tmgJaTLJ3uvrP9XZAwKpVtfxulpeWV1bXyurmxubW9Y+3utWWcCkxaOGax6AZIEkY5aSmqGOkmgqAoYKQTjK4nfueBCEljfq/GCfEiNOC0TzFSWvKtw6rphrHKXDGMcz9zb3U0RDm8hLZZ9a2KXbOngIvEKUgFFGj61pe+DKcR4QozJGXPsRPlZUgoihnJTTeVJEF4hAakpylHEZFeNt0ih8daCWE/FvpwBafq70SGIinHUaAnI6SGct6biP95vVT1L7yM8iRVhOPZQ/2UQRXDSSUwpIJgxcaaICyo/ivEQyQQVro4U5fgzK+8SNr1mnNWO72rVxpXRR1lcACOwAlwwDlogBvQBC2AwSN4Bq/gzXgyXox342M2WjKKzD74A+PzBxmUlwY=</latexit>

⇢̇⇤ < 0
So far, all observations imply 
w ≈ -1.
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The Inhomogeneous Universe

32
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Imagine all species (matter, radiations, etc) as fluids of 
cosmological particles with velocities which evolve in time. 
The goal is to solve the distribution . This distribution 
is described by the Boltzmann equation.

<latexit sha1_base64="5I18lnkrqhfZe7jEiWWPu7/CqZ0=">AAACA3icbZDLSsNAFIYn9VbjLepON4OtUEFKUkRdFt24rGAv0JYymZ60QycXZibFEgpufBU3LhRx60u4822cpllo9YeBj/+cw5nzuxFnUtn2l5FbWl5ZXcuvmxubW9s71u5eQ4axoFCnIQ9FyyUSOAugrpji0IoEEN/l0HRH17N6cwxCsjC4U5MIuj4ZBMxjlCht9ayDoumVOmOgyf30FKcQaVAnZrFnFeyynQr/BSeDAspU61mfnX5IYx8CRTmRsu3YkeomRChGOUzNTiwhInREBtDWGBAfZDdJb5jiY+30sRcK/QKFU/fnREJ8KSe+qzt9ooZysTYz/6u1Y+VddhMWRLGCgM4XeTHHKsSzQHCfCaCKTzQQKpj+K6ZDIghVOjZTh+AsnvwXGpWyc14+u60UqldZHHl0iI5QCTnoAlXRDaqhOqLoAT2hF/RqPBrPxpvxPm/NGdnMPvol4+MbE36V4Q==</latexit>

f(~x, ~p, t)
<latexit sha1_base64="3UGVkaf8p4B8R5dD2Vjehww9atk=">AAACHnicbVDLSsNAFJ34rPEVdelmsBVclaT42gjFblxWsA9oQplMJ+3QyYOZG6GEfIkbf8WNC0UEV/o3Th+L2npg4Mw593LvPX4iuALb/jFWVtfWNzYLW+b2zu7evnVw2FRxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH9bGfuuRScXj6AFGCfNC0o94wCkBLXWti5LpBpLQzA0JDGSY9fIgn/tAjm9wzRUsgE7gSt4fgGeWulbRLtsT4GXizEgRzVDvWl9uL6ZpyCKggijVcewEvIxI4FSw3HRTxRJCh6TPOppGJGTKyybn5fhUKz0cxFK/CPBEne/ISKjUKPR15XhvteiNxf+8TgrBtZfxKEmBRXQ6KEgFhhiPs8I9LhkFMdKEUMn1rpgOiE4LdKKmDsFZPHmZNCtl57J8fl8pVm9ncRTQMTpBZ8hBV6iK7lAdNRBFT+gFvaF349l4NT6Mz2npijHrOUJ/YHz/ApoSosM=</latexit>

df
dt = C [f ]

Consider a simple case: non-relativistic particles without collisions with other 
species in a universe with a homogeneous and isotropic expansion (FLRW 
metric). The Boltzmann equation leads to the continuity equation and the Euler 
equation.

The zero-order solution: the uniform background  and the Hubble 
flow . 
What we care about is the “first-order” perturbation.

<latexit sha1_base64="kJnFfdd30oBS5nOPP4ywwEikfiU=">AAACDnicbVDLSsNAFJ34rPEVdelmsC20ICUpom6EohuXFewDmlAm02k7dPJg5qZYQr/Ajb/ixoUibl27829M2iy09cCFwzn3cu89bii4AtP81lZW19Y3NnNb+vbO7t6+cXDYVEEkKWvQQASy7RLFBPdZAzgI1g4lI54rWMsd3aR+a8yk4oF/D5OQOR4Z+LzPKYFE6hrFgm7LYVCyx4zGD9NTDGV8hW2XyDjVpyUo6wW9a+TNijkDXiZWRvIoQ71rfNm9gEYe84EKolTHMkNwYiKBU8Gmuh0pFhI6IgPWSahPPKacePbOFBcTpYf7gUzKBzxTf0/ExFNq4rlJp0dgqBa9VPzP60TQv3Ri7ocRMJ/OF/UjgSHAaTa4xyWjICYJIVTy5FZMh0QSCkmCaQjW4svLpFmtWOeVs7tqvnadxZFDx+gElZCFLlAN3aI6aiCKHtEzekVv2pP2or1rH/PWFS2bOUJ/oH3+AEr8mbo=</latexit>

⇢(~x, t) = ⇢̄(t)
<latexit sha1_base64="rYUMQwljt0tGLxeh1b4j1Fmv1WQ=">AAACAXicbZDLSsNAFIYn9VbjLepGcDPYCq5KUkTdCEU3XVawF2hDmUwn7dDJJMxMiiXEja/ixoUibn0Ld76NkzYLbf1h4OM/53Dm/F7EqFS2/W0UVlbX1jeKm+bW9s7unrV/0JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N77N6u0JEZKG/F5NI+IGaMipTzFS2upbR2WzNyE4maTwGtbhjB9Ss2z2rZJdsWeCy+DkUAK5Gn3rqzcIcRwQrjBDUnYdO1JugoSimJHU7MWSRAiP0ZB0NXIUEOkmswtSeKqdAfRDoR9XcOb+nkhQIOU08HRngNRILtYy879aN1b+lZtQHsWKcDxf5McMqhBmccABFQQrNtWAsKD6rxCPkEBY6dCyEJzFk5ehVa04F5Xzu2qpdpPHUQTH4AScAQdcghqogwZoAgwewTN4BW/Gk/FivBsf89aCkc8cgj8yPn8AfpWU/w==</latexit>

~v = H~x

The continuity equation: 
 
The Euler equation:

The Poisson equation:

<latexit sha1_base64="Gg7d9YXGKg9WnC7WSc8RmPWYzvo="></latexit>

@⇢
@t +

~r (⇢~v) = 0
<latexit sha1_base64="HvZfGbavEUasUBjvkGBkkOzo3xM="></latexit>

@~v
@t +

⇣
~v · ~r

⌘
~v = � ~rp

⇢ � ~r�
<latexit sha1_base64="ov37wyYcosl+I+554e9Gixx98ic=">AAACB3icbVDLSsNAFJ3UV42vqEtBBlvBVUlKUTdC0YUuK9gHNLFMppNm6GQmzEyEUrpz46+4caGIW3/BnX9j0mahrQcuHM65l3vv8WNGlbbtb6OwtLyyulZcNzc2t7Z3rN29lhKJxKSJBROy4yNFGOWkqalmpBNLgiKfkbY/vMr89gORigp+p0cx8SI04DSgGOlU6lmHZdPlyGfovuo2QgovYM2NKbx2ZSjMstmzSnbFngIuEicnJZCj0bO+3L7ASUS4xgwp1XXsWHtjJDXFjExMN1EkRniIBqSbUo4iorzx9I8JPE6VPgyETItrOFV/T4xRpNQo8tPOCOlQzXuZ+J/XTXRw7o0pjxNNOJ4tChIGtYBZKLBPJcGajVKCsKTprRCHSCKs0+iyEJz5lxdJq1pxTiu122qpfpnHUQQH4AicAAecgTq4AQ3QBBg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4Ao8OWnQ==</latexit>

r2� = 4⇡G⇢

Solvable

S. Dodelson 
Modern Cosmology
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<latexit sha1_base64="F7JbykxpIdksVqkBWaI3reSu6Z0=">AAACCHicbVC7TsNAEDzzDOYVoKTAIkGiiuwIAWUEDWWQyEOKreh82SSnnB+6WyMiyyUNv0JDAUK0fAIdf8MlcQEJI600mtm9vR0/FlyhbX8bS8srq2vrhQ1zc2t7Z7e4t99UUSIZNFgkItn2qQLBQ2ggRwHtWAINfAEtf3Q98Vv3IBWPwjscx+AFdBDyPmcUtdQtHpVNF+EBpy+lEnpZ6vpUpq4cRllmlrvFkl2xp7AWiZOTEslR7xa/3F7EkgBCZIIq1XHsGL2USuRMQGa6iYKYshEdQEfTkAagvHS6PrNOtNKz+pHUFaI1VX9PpDRQahz4ujOgOFTz3kT8z+sk2L/0Uh7GCULIZov6ibAwsiapWD0ugaEYa0KZ5PqvFhtSSRnq7EwdgjN/8iJpVivOeeXstlqqXeVxFMghOSanxCEXpEZuSJ00CCOP5Jm8kjfjyXgx3o2PWeuSkc8ckD8wPn8A1RaZ3Q==</latexit>

⇢̄
<latexit sha1_base64="AIun/MoLg7XJAUyhtMEVwiQzzio=">AAAB+nicbVDLTgIxFO3gC8fXoEs3jWCCGzJDjLokunGJiTwSZkI6pUBDp520HZSMfIobFxrj1i9x599YYBYKnuQmJ+fcm3vvCWNGlXbdbyu3tr6xuZXftnd29/YPnMJhU4lEYtLAggnZDpEijHLS0FQz0o4lQVHISCsc3cz81phIRQW/15OYBBEacNqnGGkjdZ1CyfblUJT9McHp4/TMLnWdoltx54CrxMtIEWSod50vvydwEhGuMUNKdTw31kGKpKaYkantJ4rECI/QgHQM5SgiKkjnp0/hqVF6sC+kKa7hXP09kaJIqUkUms4I6aFa9mbif14n0f2rIKU8TjTheLGonzCoBZzlAHtUEqzZxBCEJTW3QjxEEmFt0rJNCN7yy6ukWa14F5Xzu2qxdp3FkQfH4ASUgQcuQQ3cgjpoAAwewDN4BW/Wk/VivVsfi9aclc0cgT+wPn8ARNeSuA==</latexit>

⇢(~x)

Linear Perturbations

34

The structure is a (linear) perturbation to the background. We can rewrite:
<latexit sha1_base64="Xgko43OLo0T/fHtHOMWniR4P5zA="></latexit>

⇢ = ⇢̄+ �⇢

~v = ~̄v + �~v

p = p̄+ �p

� = �̄+ ��

The zero-order quantities describe the 
background (Friedmann equations).

The first-order quantities describe 
linear structures.

Collecting the first-order terms:
<latexit sha1_base64="Pk7qdDduKx+0RqH1D0q/LgBC0sw="></latexit>

�̈ + 2H �̇ =
�
4⇡G⇢̄� c

2
sr2

�
�

<latexit sha1_base64="PJhoxTAkeHutgQBfvEUfeTxm8nU=">AAACGHicbZDLSsNAFIYn9VbjLerSzWAruKpJEXVZdOOygr1AE8pketIOnVycmRRK6GO48VXcuFDEbXe+jdM2C239YeDjP+dw5vx+wplUtv1tFNbWNza3itvmzu7e/oF1eNSUcSooNGjMY9H2iQTOImgopji0EwEk9Dm0/OHdrN4agZAsjh7VOAEvJP2IBYwSpa2udVE23R5wRbALTykbYTcQhGYLzxWDeJK5PhHZHCdmuWuV7I o9F14FJ4cSylXvWlO3F9M0hEhRTqTsOHaivIwIxSiHiemmEhJCh6QPHY0RCUF62fywCT7TTg8HsdAvUnju/p7ISCjlOPR1Z0jUQC7XZuZ/tU6qghsvY1GSKojoYlGQcqxiPEsJ95gAqvhYA6GC6b9iOiA6GaWzNHUIzvLJq9CsVpyryuVDtVS7zeMoohN0is6Rg65RDd2jOmogip7RK3pHH8aL8WZ8Gl+L1oKRzxyjPzKmP6a4oDE=</latexit>

� ⌘ �⇢
⇢̄

<latexit sha1_base64="T0OGFZBnH4NF3pKenm3XQgF2MnE=">AAACIHicbVDLSsNAFJ34rPFVdelmsBVclaSIdVl047KCfUBTy2R60w6dPJyZFErIp7jxV9y4UER3+jVO2iy09cDA4Zx7uXOOG3EmlWV9GSura+sbm4Utc3tnd2+/eHDYkmEsKDRpyEPRcYkEzgJoKqY4dCIBxHc5tN3xdea3JyAkC4M7NY2g55NhwDxGidJSv1grm7SfOD5RI+EnMk3vq9iBh5hNsOMJQhNnAFwRHKU5c8QoTM1yv1iyKtYMeJnYOSmhHI1+8dMZhDT2IVCUEym7thWpXkKEYpRDajqxhIjQMRlCV9OA+CB7ySxgik+1MsBeKPQLFJ6pvzcS4ks59V09mSWRi14m/ud1Y+Vd9hIWRLGCgM4PeTHHKsRZW3jABFDFp5oQKpj+K6YjontRulNTl2AvRl4mrWrFvqic31ZL9au8jgI6RifoDNmohuroBjVQE1H0iJ7RK3oznowX4934mI+uGPnOEfoD4/sH+i6jfQ==</latexit>

c2s ⌘ �p
�⇢

The Hubble flow is the damping term.

: The overdensity of perturbations
<latexit sha1_base64="1C50liNZewwYA68+uuIJuhVVSoA=">AAAB8XicbVBNS8NAEJ3Urxq/qh69BFvBU0mKqMeiF48V7Ae2oWw2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZekHKmtOt+W4W19Y3NreK2vbO7t39QOjxqqSSTFJs04YnsBEQhZwKbmmmOnVQiiQOO7WB0O/PbTygVS8SDHqfox2QgWMQo0UZ6rNi9ELkmdqVfKrtVdw5nlXg5KUOORr/01QsTmsUoNOVEqa7nptqfEKkZ5Ti1e5nClNARGWDXUEFiVP5kfvHUOTNK6ESJNCW0M1d/T0xIrNQ4DkxnTPRQLXsz8T+vm+no2p8wkWYaBV0sijLu6MSZve+ETCLVfGwIoZKZWx06JJJQbUKyTQje8surpFWrepfVi/tauX6Tx1GEEziFc/DgCupwBw1oAgUBz/AKb5ayXqx362PRWrDymWP4A+vzB7mHj6c=</latexit>

�
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The Growth of Structures in a Static Universe

35

<latexit sha1_base64="ozlGoYhAqsuRrE5l85yia17pZM4="></latexit>

�̈ =
�
4⇡G⇢̄� c2sr2

�
� There are two competing forces, the 

self-gravity and the pressure. This leads 
to the so-called “Jeans instability”.

<latexit sha1_base64="ms5HGJZsiTVEle9z7tWJPcE921U="></latexit>

�J ⌘ cs
q

⇡
G⇢̄

Structures grow exponentially in a static 
universe.

<latexit sha1_base64="t46UqWPsZXAJafhgVn1QFyN0ABE="></latexit>

� > �J ) Gravitational collapse.

� < �J ) Pressure dominated. Perturbations propagate as sound waves.

Consider H = 0: S. Dodelson 
Modern Cosmology
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The Growth of CDM Structures

36

The perturbation equation

The competition between the 
expansion and the self-gravity.

In the radiation-dominated era, the 
structures do not grow significantly 
(the Meszaros effect).

Let’s assume that the particles are cold dark matter (pressureless): 

: The perturbation grows very 
slowly. That is, structures form slowly if the cosmic 
density is not dominated by matter.

<latexit sha1_base64="Cp8z7mPBVCqTHWqbH/ybaXgo6Vc="></latexit>

tH . tcollapse(i.e., ⇢ & ⇢m)

: The perturbation grows. 
Moreover, structures grow as a power law of time (not 
exponentially).

<latexit sha1_base64="rtue4I13MZPJ03clXyaxNFnhuQQ="></latexit>

tH ⇡ tcollapse(i.e., ⇢ ⇡ p
⇢m) In the matter-dominated era, 

the structures grow “linearly”. 
The linear growth: 
<latexit sha1_base64="DPycg44IIVEgFiV/I8yXtZw96nQ="></latexit>

�(~x, t) = �(~x)D(t) / �(~x)t
2
3 / �(~x)a(t)

One can easily show that the solution to the perturbation 
equation is “slowed” if the the Hubble expansion is a 
constant.

In the “cosmological constant 
(Λ)” dominated era, the structures 
remain constant or decays.

<latexit sha1_base64="mKZofOCszvUbNWh/GgRIBCVA0vA=">AAACK3icbVDJSgNBEO1xd9xGPXopTARBDDNB1IsQ4kGPCsYEMiH09HRMk56F7hohDPkfL/6KBz244NX/sLMcNPqg4PFeVXfVC1IpNLruuzUzOze/sLi0bK+srq1vOJtbtzrJFOM1lshENQKquRQxr6FAyRup4jQKJK8HvfOhX7/nSoskvsF+ylsRvYtFRzCKRmo71aLth2GCuR9yiXQAB1CGS/B/Sodw5KcCLsAPqMp91U0GYwvOwLWLbafgltwR4C/xJqRAJrhqO8/meZZFPEYmqdZNz02xlVOFgkk+sP1M85SyHr3jTUNjGnHdyke3DmDPKCF0EmUqRhipPydyGmndjwLTGVHs6mlvKP7nNTPsnLZyEacZ8piNP+pkEjCBYXAQCsUZyr4hlClhdgXWpYoyNPHaJgRv+uS/5LZc8o5LR9flQqU6iWOJ7JBdsk88ckIq5JJckRph5IE8kVfyZj1aL9aH9TlunbEmM9vkF6yvb4aypMs=</latexit>

�̈ + 2H �̇ � 4⇡G⇢̄� = 0
<latexit sha1_base64="WFhi27K/YlT00Tjmoxy5bZ8Yo94=">AAACLXicbVDLSgMxFM3UVx1fVZdugq3gqswUUZdFXXRZwT6gU0omzbShmcmY3BHKMD/kxl8RwUVF3Pobpo+Fth4IHM65l5tz/FhwDY4zsXJr6xubW/lte2d3b/+gcHjU1DJRlDWoFFK1faKZ4BFrAAfB2rFiJPQFa/mj26nfemJKcxk9wDhm3ZAMIh5wSsBIvcJdyYZe6oUEhipMa1mGvVjJGCT2AkVo6mZGXNU8/agg9dRQZpld6hWKTtmZAa8Sd0GKaIF6r/Dm9SVNQhYBFUTrjuvE0E2JAk4Fy2wv0SwmdEQGrGNoREKmu+ksbYbPjNLHgVTmRYBn6u+NlIRaj0PfTE5j6WVvKv7ndRIIrrspj+IEWETnh4JEYBN8Wh3uc8UoiLEhhCpu/orpkJhGwBRsmxLc5cirpFkpu5fli/tKsXqzqCOPTtApOkcuukJVVEN11EAUPaNXNEEf1ov1bn1aX/PRnLXYOUZ/YH3/AEJoqWM=</latexit>

tH / 1

H
/ 1p

⇢

<latexit sha1_base64="mmgUpD9llV7a39rbsg0RUfLxS5k=">AAACK3icbVDLSgMxFM34dnxVXboZrIKrMiOiLotuXFawD+iUkkkzNphMYnJHKGH+x42/4kIXPnDrf5g+QK0eCBzOPffm3pMozgyE4Zs3Mzs3v7C4tOyvrK6tb5Q2txpG5prQOpFc6laCDeUso3VgwGlLaYpFwmkzuTkf1pt3VBsmsysYKNoR+DpjKSMYnNQtne350LWxwNDXwrp5HCtDiyJWWiqQcaoxsVFhY3Orwca6L7/donDw97qlclgJRwj+kmhCymiCWrf0FPckyQXNgHBsTDsKFXQs1sAIp4Uf54YqTG7wNW07mmFBTceObi2Cfaf0glRq9zIIRurPDouFMQOROOdwTTNdG4r/1do5pKcdyzKVA83I+KM05wHIYBhc0GOaEuADRzDRzO0akD528YCL13chRNMn/yWNw0p0XDm6PCxXzyZxLKEdtIsOUIROUBVdoBqqI4Lu0SN6Qa/eg/fsvXsfY+uMN+nZRr/gfX4BKxeqGg==</latexit>

tcollapse / 1p
⇢m
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The Density Field—the Gaussian Random Field
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So far, we know how the density perturbations evolve in time (asymptotically). To 
solve the full perturbation equation, we need is the initial perturbations .

<latexit sha1_base64="hkHms4gLV8vBgQLGn5ZalE+tq3U=">AAACA3icbVDLSgNBEJz1GdfXqje9DEZBQcJuEPUiBL14VDCJkF3C7KRjhsw+mOkNhiXgxV/x4kERr/6EN//GScxBjQUNRVU33V1hKoVG1/20pqZnZufmCwv24tLyyqqztl7TSaY4VHkiE3UTMg1SxFBFgRJuUgUsCiXUw+750K/3QGmRxNfYTyGI2G0s2oIzNFLT2dyx/RZIZHt+D3h+NzigSE+pu2/vNJ2iW3JHoJPEG5MiGeOy6Xz4rYRnEcTIJdO64bkpBjlTKLiEge1nGlLGu+wWGobGLAId5KMfBnTXKC3aTpSpGOlI/TmRs0jrfhSazohhR//1huJ/XiPD9kmQizjNEGL+vaidSYoJHQZCW0IBR9k3hHElzK2Ud5hiHE1stgnB+/vyJKmVS95R6fCqXKycjeMokC2yTfaIR45JhVyQS1IlnNyTR/JMXqwH68l6td6+W6es8cwG+QXr/QsenpVA</latexit>

�(~x, t = 0)

Right after the big bang, the universe experienced an extremely rapid (60 e-fold) 
expansion that we call the “inflation”. The “quantum fluctuation” during the 
inflation becomes the “primordial fluctuation”, as the initial perturbation.

A general (and quite intuitive!) assumption is that the primordial perturbation is a 
Gaussian random field. Specifically, given a scale of interested, the smoothed 
overdensity field can be solely described by a variance.

LensTools

<latexit sha1_base64="nMBxr+R9V3sqauUmUr8c8akxnvk=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgZbwVVJiqjLohuXVewDmhAm00k7dCYJMxOhhGz8FTcuFHHrZ7jzb5y0WWjrgQuHc+7l3nuChFGpbPvbqKysrq1vVDfNre2d3T1r/6Ar41Rg0sExi0U/QJIwGpGOooqRfiII4gEjvWByU/i9RyIkjaMHNU2Ix9EooiHFSGnJt47qpivpiCM/czlSY8Gz+zw3675Vsxv2DHCZOCWpgRJt3/pyhzFOOYkUZkjKgWMnysuQUBQzkptuKkmC8ASNyEDTCHEivWz2QA5PtTKEYSx0RQrO1N8TGeJSTnmgO4sj5aJXiP95g1SFV15GoyRVJMLzRWHKoIphkQYcUkGwYlNNEBZU3wrxGAmElc7M1CE4iy8vk26z4Vw0zu+atdZ1GUcVHIMTcAYccAla4Ba0QQdgkINn8ArejCfjxXg3PuatFaOcOQR/YHz+AMsllec=</latexit>�R

<latexit sha1_base64="3QUSjATxsY6jSSxdA3Mnv3P9svw=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LLaCp5IUUY9FLx4rmFpoQ9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZTW1jc2t8rb7s7u3v5B5fCorZNMERqQhCeqE2FNOZM0MMxw2kkVxSLi9DEa3878xyeqNEvkg5mkNBR4KFnMCDZWCmqu59b6lapX9+ZAq8QvSBUKtPqVr94gIZmg0hCOte76XmrCHCvDCKdTt5dpmmIyxkPatVRiQXWYz4+dojOrDFCcKFvSoLn6eyLHQuuJiGynwGakl72Z+J/XzUx8HeZMppmhkiwWxRlHJkGzz9GAKUoMn1iCiWL2VkRGWGFibD6uDcFffnmVtBt1/7J+cd+oNm+KOMpwAqdwDj5cQRPuoAUBEGDwDK/w5kjnxXl3PhatJaeYOYY/cD5/AJuajT8=</latexit>

0

Smaller R ⇔ larger k~ 
1/R ⇔ larger variance.

<latexit sha1_base64="XJkHv8r+72bfV7MMsIobB6wjB+8="></latexit>

�2
R(k) ⌘ 1

2⇡2 k3P (k)

Determining the power spectrum P(k) is 
big in cosmology.

We know the initial power spectrum 
P0(k)~k^0.97. We know the evolution 
(growth function). Determining the 
normalization is effectively probing the 
primordial perturbation.
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The Matter Power Spectrum

38

The matter power spectrum is ∝ k 
(∝ k-3) at large (small) scales.

<latexit sha1_base64="h08NZrqc+Ma9seLMZLhxfEbWkFI=">AAAB+HicbVDLSgMxFM3UVx0fHXXpJtgKrspMEXVZdOOygn1AO5ZMmmlDM0lIMkId+iVuXCji1k9x59+YtrPQ1gMXDufcy733RJJRbXz/2ymsrW9sbhW33Z3dvf2Sd3DY0iJVmDSxYEJ1IqQJo5w0DTWMdKQiKIkYaUfjm5nffiRKU8HvzUSSMEFDTmOKkbFS3ytV3J5UQhoBxw+BW+l7Zb/qzwFXSZCTMsjR6HtfvYHAaUK4wQxp3Q18acIMKUMxI1O3l2oiER6jIelaylFCdJjND5/CU6sMYCyULW7gXP09kaFE60kS2c4EmZFe9mbif143NfFVmFEuU0M4XiyKUwbtm7MU4IAqgg2bWIKwovZWiEdIIWxsVq4NIVh+eZW0atXgonp+VyvXr/M4iuAYnIAzEIBLUAe3oAGaAIMUPINX8OY8OS/Ou/OxaC04+cwR+APn8weT9pG+</latexit>

/ k1
<latexit sha1_base64="8Zy8Cj/LUT5BblsUeN+GgqqRqls=">AAAB+3icbVDLTsMwEHTKq4RXKEcuFi0SF6qkIOBYwYVjkehDakPluE5r1XEs20FUUX6FCwcQ4sqPcONvcNscoGWklUYzu9rdCQSjSrvut1VYWV1b3yhu2lvbO7t7zn6ppeJEYtLEMYtlJ0CKMMpJU1PNSEdIgqKAkXYwvpn67UciFY35vZ4I4kdoyGlIMdJG6julit0TMhY6huOH9PQssyt9p+xW3RngMvFyUgY5Gn3nqzeIcRIRrjFDSnU9V2g/RVJTzEhm9xJFBMJjNCRdQzmKiPLT2e0ZPDbKAIaxNMU1nKm/J1IUKTWJAtMZIT1Si95U/M/rJjq88lPKRaIJx/NFYcKg+XQaBBxQSbBmE0MQltTcCvEISYS1ics2IXiLLy+TVq3qXVTP72rl+nUeRxEcgiNwAjxwCergFjRAE2DwBJ7BK3izMuvFerc+5q0FK585AH9gff4A0ySTAw==</latexit>

/ k�3

<latexit sha1_base64="FXt5hdFwMEBtzus8vg5YMA/54D4=">AAACG3icbVDLSsNAFJ34rPEVdelmsBVakJIUUZdFXbiM0Bc0sUym03boJBlmJkIJ9Tvc+CtuXCjiSnDh3zhpu9DWA8M9nHMvc+8JOKNS2fa3sbS8srq2ntswN7e2d3atvf2GjBOBSR3HLBatAEnCaETqiipGWlwQFAaMNIPhVeY374mQNI5qasSJH6J+RHsUI6WljlUpmG5xeIJK0OMi5iqGbif1QqQGIkz5eFwclh5qd5WsXOuCSmahY+Xtsj0BXCTOjOTBDG7H+vS6MU5CEinMkJRtx+bKT5FQFDMyNr1EEo7wEPVJW9MIhUT66eS2MTzWShf2YqFfpOBE/T2RolDKURjozmxrOe9l4n9eO1G9Cz+lEU8UifD0o17CoI4gCwp2qSBYsZEmCAuqd4V4gATCSsdp6hCc+ZMXSaNSds7Kp7eVfPVyFkcOHIIjUAQOOAdVcANcUAcYPIJn8ArejCfjxXg3PqatS8Zs5gD8gfH1A6O6nq0=</latexit>

P (k, a) / Pp(k) T 2(k) D2(a)

At large scales, the slope is set up 
by the primordial spectrum, which 
is referred to a “scale-invariant 
spectrum” if Pp(k) ∝ k.

T(k) the transfer function 
D(a) the growth factor 
Pp(k) the primordial spectrum



2022 NCTS-TCA Summer Student Program

The Full Solutions to the Boltzmann Equation

39

Collision terms ≠ 0

S. Dodelson 
Modern Cosmology
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Measurements of the Universe

40
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Baryonic Acoustic Oscillations (BAO)

41

In the early universe, perturbations 
propagate as sound waves in the photon-
baryon fluid. At the recombination, 
photons start to move freely. Meanwhile, 
the perturbations freeze at a fixed scale of 
≈100 Mpc/h (a standard ruler).

D. Eisenstein
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Cosmological Constraints

42

The universe is flat and has 
<latexit sha1_base64="Syd7AtV4uc19+p05/41gZpxhzgI=">AAACJnicbVDLSgMxFM3U9/iqunQTbAUXUmZU1I0gunEhWME+oDOUO2naBpOZIcmIZZivceOvuHGhiLjzU0wf+Gg9EDicc2+Sc4KYM6Ud58PKTU3PzM7NL9iLS8srq/m19aqKEklohUQ8kvUAFOUspBXNNKf1WFIQAae14Pa879fuqFQsCm90L6a+gE7I2oyANlIzf1K0vStBO9BMPQG6K0UqssyDOJbRvVPa38Xf9qW5tQU/3pFdbOYLTskZAE8Sd0QKaIRyM//itSKSCBpqwkGphuvE2k9BakY4zWwvUTQGcgsd2jA0BEGVnw5iZnjbKC3cjqQ5ocYD9fdGCkKpngjMZD+KGvf64n9eI9HtYz9lYZxoGpLhQ+2EYx3hfme4xSQlmvcMASKZ+SsmXZBAtGnWNiW445EnSXWv5B6WDq73Cqdnozrm0SbaQjvIRUfoFF2gMqoggh7QE3pBr9aj9Wy9We/D0Zw12tlAf2B9fgEiW6Tt</latexit>

⌦m ⇡ 0.3,⌦⇤ ⇡ 0.7
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Cosmological Constraints
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All observations are consistent with 
<latexit sha1_base64="X3qAk9uT0aU4mZmbZSEw5d4QKjk=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LLaCF0tSinoRil48VrAf2Iay2W7apZtN2N0oJfRfePGgiFf/jTf/jds2B219MPB4b4aZeX7MmdKO823lVlbX1jfym/bW9s7uXmH/oKmiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3Qz9VuPVCoWiXs9jqkX4oFgASNYG+mhZD+hK3Tm2qVeoeiUnRnQMnEzUoQM9V7hq9uPSBJSoQnHSn VcJ9ZeiqVmhNOJ3U0UjTEZ4QHtGCpwSJWXzi6eoBOj9FEQSVNCo5n6eyLFoVLj0DedIdZDtehNxf+8TqKDSy9lIk40FWS+KEg40hGavo/6TFKi+dgQTCQztyIyxBITbUKyTQju4svLpFkpu+fl6l2lWLvO4sjDERzDKbhwATW4hTo0gICAZ3iFN0tZL9a79TFvzVnZzCH8gfX5AxMgjpM=</latexit>

w = �1
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Weak Gravitational Lensing

44

The technique of weak gravitational 
lensing probes the total potential, 
providing an extremely powerful tool 
for cosmology.
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Weak Lensing and Clustering of Structures

45

Weak lensingClusteringLensing x Lensing
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Cosmological Constraints
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All probes infer a consistent picture of 
structure formations.

<latexit sha1_base64="T3sHUPlxbdC3oORqQ4Pwe5f86w8="></latexit>

S8 ⌘ �8

p
⌦m/0.3

/ �8 ⌘ overdensity fluctuations
at a scale of 8 Mpc/h

DES results
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Galaxy Clusters

๏The largest systems in the 
universe

๏Extremely massive (M≈1015 
M⨀ ) and large (R ≈ Mpc)

๏≈80% mass in dark matter
๏≈20% mass in baryons
‣≈5% mass in stars (galaxies)
‣≈15% mass in hot plasma 

(intracluster medium, ICM)

An ideal cosmic 
laboratory!

credits: NASA

Optical (galaxies)
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Galaxy Clusters

๏The largest systems in the 
universe

๏Extremely massive (M≈1015 
M⨀ ) and large (R ≈ Mpc)

๏≈80% mass in dark matter
๏≈20% mass in baryons
‣≈5% mass in stars (galaxies)
‣≈15% mass in hot plasma 

(intracluster medium, ICM)

An ideal cosmic 
laboratory!

X-ray (ICM)

credits: NASA
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Galaxy Clusters

๏The largest systems in the 
universe

๏Extremely massive (M≈1015 
M⨀ ) and large (R ≈ Mpc)

๏≈80% mass in dark matter
๏≈20% mass in baryons
‣≈5% mass in stars (galaxies)
‣≈15% mass in hot plasma 

(intracluster medium, ICM)

An ideal cosmic 
laboratory!

Composite

credits: NASA
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Slow growth

Fast growth

Cluster Cosmology

๏Structure formations are extremely sensitive to dark 
energy.

๏The number of galaxy clusters in a cosmic volume is 
powerful in constraining dark energy.

50

Counting clusters (abundance) to infer cosmology!
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Analogy of Cluster Cosmology

51
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Vikhlinin+09

Halo Mass Function

<latexit sha1_base64="lJmLIIa12lMSIPZCrfPvA8sN5ZU="></latexit>
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Cosmological Constraints From Clusters

53

<latexit sha1_base64="wDc3GNUhfZs/dQhGgKdtqIo+hGs="></latexit>

⌦m ⌘ energy fraction of matter

�8 ⌘ overdensity fluctuations at 8 Mpc/h
P

m⌫ ⌘ sum of neutrino masses

h ⌘ Hubble constant, i.e., H0 = h⇥ 100
km/sec
Mpc

w ⌘ the equation of state of dark energy

Bocquet+19
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Take-Home Messages

๏ The standard cosmological model is introduced:
-The universe originated from a big band ≈ 14 Gyr ago and has been 
expanding since then.
-The cosmic expansion is accelerating at the present day.
-The universe is well described by the ΛCDM model: 
‣≈5% baryonic matter
‣≈25% cold dark matter (CDM)
‣≈70% dark energy (Λ)

๏ The universe is homogeneous and isotropic at large scales, well described by 
the Friedmann equations.

๏ Cosmic structures of the universe act as linear perturbations to the uniform 
background.

๏We have showcased some observational constraints on cosmology. 

54
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Further Reading

๏ A very nicely written textbook at an undergraduate level: 
“Introduction to Cosmology” by Barbara Ryden 
https://www.amazon.com/Introduction-Cosmology-Barbara-Ryden/dp/1107154839 
Online lectures by Prof. Ryden: 
https://www.youtube.com/watch?v=ndSD9U34-gM&list=PLwWRX55-E1nYlD7o6W91wV8OYHongFNxU๏ For those who want to dig more: 
“Modern Cosmology” by Scott Dodelson is a must-have: 
https://www.amazon.com/Modern-Cosmology-Scott-Dodelson/dp/0128159480
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https://www.amazon.com/Introduction-Cosmology-Barbara-Ryden/dp/1107154839
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https://www.amazon.com/Modern-Cosmology-Scott-Dodelson/dp/0128159480

