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Black Hole – Schwarzschild Radius

• In 1915, A. Einstein published General Relativity
• In 1916, K. Schwarzschild derive a first non-trivial solution

• Any object can be a black hole as long as its radius is smaller than the 
Schwarzschild radius

𝑅𝑆𝑐ℎ =
2𝐺𝑀

𝑐2

Object Size mass (kg) 𝑹𝑺𝒄𝒉 density (g/cm3)

Earth 6400 km 6 × 1024 0.9cm 2 × 1027

Sun 700,000 km 2 × 1030 3 km 1.8 × 1016

Milky Way ~20 kpc ~2 × 1042 20,000 AU 1.8 × 10−8

Observable Universe ~3 × 109 pc ~1053 5 × 109 pc 7.3 × 10−30 3



Black Hole – Event Horizon

• The escape velocity is equal to the speed of light

• A singularity (?) inside

©   Frigg MnSU Astronomy Group 4



Beyond White Dwarf
• In 1930. S. Chandrasekhar calculate the solution for degenerate 

Fermi gas, and derive the mass upper limit of a white dwarf
• But A. Eddington does not believe (the existence of black hole) 
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A white dwarf, i.e., the star is supported by the degeneracy 
pressure of the electrons, could be described by a polytrope of 
index 𝑛 = 1.5 (𝛾 = 5/3) and 𝐾 = 𝐾1. 

From the mass-radius relation

𝐺𝑀

𝑀𝑛

𝑛−1
𝑅

𝑅𝑛

3−𝑛

=
𝑛 + 1 𝐾 𝑛

4𝜋G

We know that

𝑅 ∝ 𝑀−1/3



The Chandrasekhar Mass

Therefore, the mean density increases as the square of the mass

ҧ𝜌 ∝ 𝑀𝑅−3 ∝ 𝑀2

When 𝑀 increases, 𝑅 decreases and ҧ𝜌 increases.

Eventually, the density will become so high that the electron gas 
will turn to be relativistic. 

The equation of state become a polytrope with 𝑛 = 3 (or 𝛾 =
4/3) with 𝐾 = 𝐾2. 
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The Chandrasekhar Mass

For 𝑛 = 3, there is only one solution determined by 𝐾

𝑀 = 𝑀𝐶ℎ = 4𝜋𝑀3

𝐾2
𝜋𝐺

3
2

=
𝑀3 1.5

4𝜋

ℎ𝑐

𝐺𝑚𝐻
4/3

3/2

𝜇𝑒
−2

Where 𝜇𝑒
−1 is the number of free electrons per nucleon

1

𝜇𝑒
≡෍

𝑖

𝑋𝑖
𝑍𝑖
𝐴𝑖

≈
1

2
(1 + 𝑋)

𝑋𝑖: mass fraction of a species, 𝑍𝑖: number of charge of a particle, 
𝐴𝑖: atomic mass
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Beyond White Dwarf

• In 1932, J. Chadwick found neutron

• In 1934, W. Baade and F. Zwicky proposed the concept of neutron 
stars.

• In 1939, J. R. Oppenheimer and G. M. Volkoff derived an 
equation of state, and estimated the size of a neutron star.
• But astronomers do not believe that (the thermal emission of the) 

neutron star is detectable.

• The temperature of neutron star is very high, and the emission is mainly 
in the X-ray band
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Neutron Stars

• A neutron star forms when the 
electron’s degeneracy pressure 
cannot resist the collapse

𝑀𝑁𝑆 ≳ 1.4𝑀⊙

 Chandrasekhar limit 

 Though recent studies found a 
few “light weight” neutron stars

Degeneracy pressure of 
neutrons
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Neutron Star: Discovery

• In 1967, J. B. Burnell and A. Hewish detected pulsed radio 
signals from the sky
 1960s is the golden era of radio astronomy

 Pulsar (pulsating radio sources)

 The emission is nonthermal
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Why a neutron star rotating so fast?
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Why a neutron star rotating so fast?
The moment of inertia of a rigid body (sphere) is 

𝐼 =
2

5
𝑀𝑅2

Conservation of Angular momentum:

𝐿 = 𝐼𝜔 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

𝐼𝑖𝜔𝑖 = 𝐼𝑓𝜔𝑓

Q: If our Sun collapses to form a neutron star, estimate the rotating 
frequency (or period)

(M⊙~2 × 1030 𝑘𝑔, 𝑅⊙~700000 𝑘𝑚, 𝑃⊙~1 𝑚𝑜𝑛𝑡ℎ) 14



Fast Rotating = Neutron Star?

• Imagine that: the moving velocity of the Earth increased a 
little bit… 
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• How fast can the Earth rotates?



Can neutron star rotating so fast?

The upper limit of the rotating speed is the Keplerian velocity: 
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4𝜋2𝑅 ⋅ 𝜈𝑏𝑘
2 =

𝐺𝑀

𝑅2

⟹ 𝜈𝑏𝑘 =
𝐺𝑀

4𝜋2𝑅3
= 2170

𝑀

1.4𝑀⊙

1
2 𝑅

10𝑘𝑚

−
3
2

𝐻𝑧

⟹ 𝑃𝑏𝑘 = 0.46
𝑀

1.4𝑀⊙

−
1
2 𝑅

10𝑘𝑚

3
2

𝑚𝑠



Beraking Frequency (Period)
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Objects Mass Radius Breaking period

Sun 1 𝑀⊙ 700,000 km 2.8 hours

White dwarf 1 𝑀⊙ 6,000 km 8 s

Neutron star 1.4 𝑀⊙ 10 km 0.46 ms



Where is the energy from?
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• The core of neutron stars do not have nuclear reaction

• What we observed is the radio emission



• Pacini 1967:  strongly magnetized 
neutron stars could release their 
rotational energy and produce a large 
flow of relativistic particles 

Energy Source

©  Lorimer & Kramer
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• Strongly magnetized, fast rotating neutron stars
 Light house effect

Pulsars

©  Joeri van Leeuwen By Diggerstrike 21



Pioneer Plaque
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Pulsar Timing Array

©  David J. Champion
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Gravitational Wave from Binary Neutron Stars

• Hulse-Taylor binary (PSR B1913+16)
• 𝑚1 = 1.4𝑀⊙, 𝑚2 = 1.36𝑀⊙

• 𝑃𝑜𝑟𝑏 = 7.75 hrs, 𝜖 = 0.617

• Prediction from general relativity: the
orbit shrinks with the rate of 3 mm/orbit 

• 1993 Nobel Prize

Weisberg & Taylor (2004)
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Search for Exoplanet

• Radial velocity: search for exoplanet by observing their 
effects on host stars
 The spin period of pulsars have orbital Doppler effects!

 PSR B1257+12 b (0.02 𝑀⨁), c (4.3 𝑀⨁), d (3.9 𝑀⨁)

©  NASA/JPL-CALTECH/R. HURThttps://www.youtube.com/watch?v=WK0WAmiP_Dk 25
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Energy Source

𝐸𝑟𝑜𝑡 =
1

2
𝐼𝜔2 =

2𝜋2𝐼

𝑃2

The energy source of an isolated neutron star is the rotational energy

where 𝐼 is the moment of inertia

𝐼 =
2

5
𝑀𝑅2 ≈ 1045𝑔 𝑐𝑚2

Therefore, the energy lose rate is

𝑑𝐸𝑟𝑜𝑡
𝑑𝑡

= −
4𝜋2𝐼 ሶ𝑃

𝑃3
= −𝐿𝑠𝑑 (spin-down luminosity)
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Magnetic Field Strength

4𝜋2𝐼 ሶ𝑃

𝑃3
=

2

3𝑐
𝐵𝑅3 sin 𝛼 2

4𝜋2

𝑃2

Assume that the rotation energy releases in the form of magnetic 
dipole radiation:

𝐵2 =
3𝑐3𝐼𝑃 ሶ𝑃

8𝜋2𝑅6 sin2 𝛼

Therefore, the lower limit of the magnetic field is

𝐵 >
3𝑐3𝐼𝑃 ሶ𝑃

8𝜋2𝑅6

1
2

= 3.2 × 1019
𝑃 ሶ𝑃

𝑠

1
2

(𝐺)

Larmor’s formula

Spin-down 
inferred B field 27



Characteristic Age

Assume that the neutron star rotates very fast in the beginning 
(𝑃𝑡=0 = 0), and B field changes slowly:

𝑃 ሶ𝑃 =
8𝜋2𝑅6 𝐵 sin 𝛼 2

3𝑐3𝐼

Integrate this equation

⇒
𝑃2 − 𝑃0

2
= 𝑃 ሶ𝑃𝜏 ⇒ 𝜏 =

𝑃

2 ሶ𝑃

is a const

න
𝑃0

𝑃

𝑃𝑑𝑃 = න
0

𝜏

𝑃 ሶ𝑃𝑑𝑡 = 𝑃 ሶ𝑃න
0

𝜏

𝑑𝑡
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P-Pdot Diagram

Millisecond pulsars

Crab

Vela

Magnetars

High B-Field Pulsars

𝐵𝑐𝑟 =
𝑚2𝑐3

𝑒ℏ
= 4.4 × 1013𝐺 (cyclotron energy = rest mass)
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Magnetars
• After the launch of X-ray and Gamma-ray telescopes, astronomers 

found two special types of neutron stars
• Soft Gamma-ray Repeater: exhibit short gamma-ray burst

• Anomalous X-ray Pulsar:  have strong X-ray variability, 𝐿𝑋 > 𝐿𝑠𝑑

• They were suggested to share the same origin
• Strong magnetic fields (usually 𝐵 > 1014 G) 

• Although we found low-B-field magnetars and high-B-field rotation-powered pulsars

• Long spin period (2-12 s)

• High surface temperature

• Energy source: the decay of B field

Gogus+2010 Archibald+2020 30
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Fast Radio Burst, FRB

© Danielle Futselaar (artsource.nl) 32



The Lorimer Burst

33
• Large dispersion measure – extragalactic, and powerful 

radio pulses

Lorimer+2007



Dispersion Measure

?

An EM wave with a frequency of 𝜈 emitted 
from a distance of 𝑑. It penetrate a clump of 
electron plasma with number density of 𝑛𝑒. 
The travel time is

𝑡𝑝 =
𝑑

𝑐
+

𝑒2

2𝜋𝑚𝑒𝑐

0׬
𝑑
𝑛𝑒𝑑𝑙

𝜈2

𝑡𝑑(delay)

DM

𝑡𝑑 = 4140
𝐷𝑀

𝑐𝑚−3 𝑝𝑐

𝜈

1 𝑀𝐻𝑧
𝑠



FRB in the Milky Way
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• In 2020, a galactic FRB (200428) was detected in the direction
coincide with SGR 1935+2154
• SGR 1935 is a magnetars and was outbursting

• Faint end of FRBs

• Magnetars is one of the origin of FRBs

CHIME/FRB Collaboration (2020)



SGR 1935+2154: 2022 Outburst

FRB (we did not observe it)
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Time-of-Pulse-Arrival Analysis

True Frequency=1.0
Trial Frequency=0.99

After 10 cycles, the difference 
between observed zero-crossing and 
the expected one is ~ 0.1 cycle. 

True 
modulation

Expected time of 
zero-crossing
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The phase evolution is a quadratic 
curve. 

Time-of-Pulse-Arrival Analysis
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Time

Fr
eq

u
en

cy

Usually recovers in a few days to weeks

©  van Eysden (2011)

Glitches: Probe Structures of Neutron Stars

39



©  Dany P. Page
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• The radius of a neutron star is roughly 10 
km

• The distance between neutrons is about 
10-15 m
 Roughly the same as a nucleus

 Strong force cannot be ignored!

 We have no idea about the behaviors of these 
particles under such a high gravity, magnetic 
field, and temperature.

 Quark star? Strange star? 

 Neutron stars are natural laboratories for 
particle physics.

Neutron Stars: Not Only Neutrons
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Mass-Radius Relation

©  Lattimer & Prakash (2001)

Tolman–Oppenheimer–Volkoff limit: 1.5-3 solar mass
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P-Pdot Diagram

Millisecond pulsars

Crab

Vela

Magnetars

High B-Field Pulsars

𝐵𝑐𝑟 =
𝑚2𝑐3

𝑒ℏ
= 4.4 × 1013𝐺 (cyclotron energy = rest mass)
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Compact Objects in Binary Systems

• Energy source: gravitational potential energy
• ሶ𝐸 = 𝜂 ሶ𝑚𝑐2 (𝜂 ≳ 0.1)

• X-ray binary systems (because they emitted strong X-rays) 44



Equipotential Surface

Because two stars orbiting with each other, we have to consider… 45



柯氏力
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Coriolis Force
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https://www.youtube.com/watch?v=dt_XJp77-mk

Coriolis Force

48
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Noninertial Reference Frame

x
𝑚1 𝑚2

𝐫1 𝐫2

𝐫

The force 𝐅𝑚 on a mass 𝑚 at position 𝐫 in the 
rotating reference frame contains several terms:

𝑚

𝐅𝑚 = −
𝐺𝑚1𝑚

𝐫 − 𝐫1
3
𝐫 − 𝐫1

−
𝐺𝑚1𝑚

𝐫 − 𝐫2
3
𝐫 − 𝐫2

−𝑚𝛚× (𝛚 × 𝐫)

−2𝑚𝛚 × ሶ𝐫

…Centrifugal force = +𝑚𝜔2𝐫

…Coriolis force
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Noninertial Reference Frame

x
𝑚1 𝑚2

𝐫1 𝐫2

𝐫

The effective potential can then be derived as
𝑚

𝑠1 𝑠2

𝜃
Φ = −𝐺

𝑚1

𝐫 − 𝐫1
+

𝑚2

𝐫 − 𝐫2

From Newtonian dynamics, we know

𝜔2 =
𝐺 𝑚1 +𝑚2

𝑟1 + 𝑟2
3

=
𝐺 𝑚1 +𝑚2

𝑎3

If we choose CM as the 
origin

𝐫1 = −
𝑚2

𝑚1 +𝑚2
𝑎 ො𝑥

𝐫2 =
𝑚1

𝑚1 +𝑚2
𝑎 ො𝑥

−
1

2
𝜔2 𝐫 2

50



Noninertial Reference Frame
We can define a mass ratio 𝑞 ≡

𝑚2

𝑚1

Then

𝜔2 =
𝐺 𝑚1 +𝑚2

𝑎3
=
𝐺𝑚1(1 + 𝑞)

𝑎3

𝐫1 = −
𝑚2

𝑚1 +𝑚2
𝑎 ො𝑥 = −

𝑞

1 + 𝑞
𝑎 ො𝑥

𝐫2 =
𝑚1

𝑚1 +𝑚2
𝑎 ො𝑥 =

1

1 + 𝑞
𝑎 ො𝑥
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Noninertial Reference Frame
The effective potential can then be written as

Φ = −𝐺
𝑚1

𝐫 − 𝐫1
+

𝑚2

𝐫 − 𝐫2
−
1

2
𝜔2 𝐫 2

= −
𝐺𝑚1

𝑎

1

𝐫
𝑎
+

𝑞
1 + 𝑞

ො𝑥
+

𝑞

𝐫
𝑎
−

1
1 + 𝑞

ො𝑥

−
𝐺𝑚1 1 + 𝑞

2𝑎

𝐫

𝑎

2

−
𝐫

𝑎
⋅ Ƹ𝑧

2

= −
𝐺𝑚1

𝑎
𝑓(
𝐫

𝑎
, 𝑞)

The “shape” of the equipotential surface only depends on the 
mass ratio 𝑞 52



Roche Lobe and Lagrange Points

©   Marc van der Sluys
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x
𝑚1 𝑚2𝐫1 𝐫2

𝐅𝑚 = −
𝐺𝑚1𝑚

𝐫 − 𝐫1
3
𝐫 − 𝐫1 −

𝐺𝑚1𝑚

𝐫 − 𝐫2
3
𝐫 − 𝐫2

−𝑚𝛚× (𝛚 × 𝐫) − 2𝑚𝛚 × ሶ𝐫

(1)(2)

(3)

(4)
(1)

(2) (3)

(4)
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Accretion Trajectory
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𝑚1 𝑚2𝐿1



Accretion Disk

The trajectory will gradually 
become circular and form a ring 
due to viscosity, which dissipates 
the dynamic energy into heat.

Viscosity: friction force between 
adjunct layers with different flow 
velocities

The different Keplerian velocity 
induces the viscosity force in the 
ring, and diffuse the ring into a 
disk. 

Lose energy → emission
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Neutron star: spin-up!

Accretion disk

Accretion flow
Angular momentum

𝑟𝑚 = 𝜉𝑟𝐴 = 𝜉
𝜇4

2𝐺𝑀 ሶ𝑀2

1/7

Accretion Torque 𝑁0 = ሶ𝑀 𝐺𝑀𝑟𝑖𝑛
𝑟𝑐𝑜

Magnetic moment

mass accretion rate
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Millisecond Pulsars

Recycled Pulsar

First evidence:  MSP in LMXBs (Wijnands+1998)

©   NASA
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How about black holes?

• Unlike neutron stars, black holes have no pulsed radio/X-
ray emission
• No type-I X-ray burst as well.

• Black holes can drain materials from companion stars or 
nearby interstellar mediums, and emit radiations 
through accretion process.

• They are ideal targets to study physics of accretion disks 
and to test general relativity.
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Disk Black Body

• The accretion disk has a 
blackbody-like spectrum in X-
rays
• Usually seen in black hole X-ray 

binaries and active galactic nuclei

• The temperature increases 
toward the central objkects
• 𝑇𝑅 ∝ 𝑅−0.75

• The spectrum can be modeled 
as superposition of multi-
temperature blackbodies

BB with kT = 1keV

DiskBB with Tin = 1keV
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Soft X-ray Transients

Tetarenko et al. (2016)
Remillard (2004)

• Hardness: count rate ratio between hard and soft X-rays

• In general, the peak luminosity of an outburst cannot exceed 
the Eddington luminosity
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Eddington Limit

𝑓𝑟𝑎𝑑

𝑓𝑔𝑟𝑎𝑣

𝑓𝑟𝑎𝑑 =
𝜅𝐿

4𝜋𝑐𝑟2

𝜅: opacity

𝑓𝑔𝑟𝑎𝑣 =
𝐺𝑀

𝑟2

⟹ 𝐿𝐸𝑑𝑑 =
4𝜋𝑐𝐺𝑀

𝜅

= 1.3 × 1038
𝑀

𝑀⊙
𝑒𝑟𝑔 𝑠−1

= 3.2 × 104
𝑀

𝑀⊙
𝐿⊙

(Assumption: Thomson scattering)



Soft X-ray Transient

thin disk

ADAF

corona

Esin et al. (1997)

advection dominated accretion flow

geometrically thin, optically thick

Hard PL

Steep power-law

Γ ∼ 2 − 3.5
optically thin

Te
m

p
e

ra
tu

re
Density

ionization

disk build up

disk eaten out
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Accreting Compact Objects 

Low-Mass X-ray Binaries
𝑀𝑐 ≲ 1𝑀⊙

High-Mass X-ray Binaries
𝑀𝑐 ≳ 10𝑀⊙

Roche-Lobe
Overflow

Wind Fed

• Main Sequence
• White Dwarf

• Red Giant
• Slow rotators

• Supergiant
• P ≲ 10s

Wind Fed

• Supergiant
• Slow 

rotators
• Direct-wind 

vs disk-wind

Be X-ray Binaries

• Be stars
• Equatorial 

mass outflow
• Regular 

outbursts

Roche-Lobe
Overflow

©   NASA Enoto+2014 ©   NASA ©   ESA ©   NASA 65



The Mass of Black Holes

66
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Gravitational Wave: Black Hole Coalescence 



Ultraluminous X-ray Sources (ULX)
• Extragalactic, non-nuclear objects

 𝐿0.3−10𝑘𝑒𝑉 > 1.3 × 1039 erg s-1 (or 3 × 1039 erg s-1). 

 Intermediate-mass BH with sub-Eddington accretion?

 Stellar-mass BH with strong beaming (microquasar)?

 Stellar-mass BH with super-Eddington accretion and mild beaming?

©  NASA ©  ESO Dai et al. (2017) 68



Neutron Stars in ULXs!
• Since 2014, astronomers found a few ULXs are powered 

by neutron stars!

M82 X-2, Bachetti+2014

NGC 5907 ULX-1, Israel+2017
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Isolated Black Holes: Hawking Radiation?

• An isolated black hole without 
accretion cannot be detected 
with current instruments.
 It may have Hawking radiation, 

but is too weak to be detected.

 This could be keys to determine 
Primordial black holes – which 
are formed in the big bang.
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Take home message

• Compact objects are natural laboratories to test physics in extreme 
conditions.

• These objects are mainly observed in radio (isolated neutron stars) and 
X-rays (binary systems). 
 Active galactic nuclei could be observed in optical band

• They are powered by rotational energy (pulsars), magnetic energy 
(magnetars), gravitational potential energy (accreting compact objects)
 A few extremely faint objects are powered by remnant heat. 

• They have fruitful information hidden behind their timing and spectral 
phenomena in multi-messenger astronomical era. 
 Combination of observational and theoretical works are needed to explore 

their nature. 71


