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(Photon/neutrino) radiation transport
Radiative process



Outline
• Introduction


• The Boltzmann equation for radiation transport


• Numerical methods for radiative transfer


• (Application: Core-Collapse Supernova)
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Introduction 
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Image credit: NASA Image credit: K.-C. Pan

Observation Simulation



Introduction (conti.) 
• Given an astrophysical system, how does it looks like? 


• Given an observed astronomical object (i.e. an image or spectrum), what is 
the nature of the physical system?


• Radiative process link astrophysical systems with astronomical observables


• Light curves & spectra


• Chemistry, atomic/molecular lines, neutrino interactions, …etc.


• Radiation feedback


• Radiation fields: EM waves (photons), neutrinos, … (Multi-messengers)
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Daily life examples 
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Video credit: https://www.youtube.com/watch?v=CIMFsY_QKBM Video credit: https://www.youtube.com/watch?v=9dPlkHiJ6A4

https://www.youtube.com/watch?v=CIMFsY_QKBM
https://www.youtube.com/watch?v=9dPlkHiJ6A4


Limb Darkening 
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Image credit: NASA

Photosphere

Last scattering surface

Random walk of a photon



Sun’s “Surface”s
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Image credit: NASA Image credit: Nigel Sharp
Image credit: Luc Viatour Image credit: NASA

Photosphere

Chromosphere

Corona



Introduction 
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Earth

Atmosphere Interstellar medium A hot source 

Observation Object / Simulation

Recall: Hi. Hirashita’s Talk



Introduction 
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Earth

Atmosphere Interstellar medium A hot source 

Observation Object / Simulation

<latexit sha1_base64="3vxg6Qm5Hxzq9KeJXRDHLInVvFg=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LLaCp5JUUI8FFTxWsB/QhrDZbtu1m03Y3RRK6D/x4kERr/4Tb/4bN20O2vpg4PHeDDPzgpgzpR3n2yqsrW9sbhW3Szu7e/sH9uFRS0WJJLRJIh7JToAV5UzQpmaa004sKQ4DTtvB+Cbz2xMqFYvEo57G1AvxULABI1gbybftu5CpzEWVJ78nkopvl52qMwdaJW5OypCj4dtfvX5EkpAKTThWqus6sfZSLDUjnM5KvUTRGJMxHtKuoQKHVHnp/PIZOjNKHw0iaUpoNFd/T6Q4VGoaBqYzxHqklr1M/M/rJnpw7aVMxImmgiwWDRKOdISyGFCfSUo0nxqCiWTmVkRGWGKiTVglE4K7/PIqadWq7mX14qFWrt/mcRThBE7hHFy4gjrcQwOaQGACz/AKb1ZqvVjv1seitWDlM8fwB9bnD6u5kwo=</latexit>

Emission j⌫
<latexit sha1_base64="I/vbGUj9rXruwwLETh1Snj4reA4=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJFYqqSIgFjEQyMRaIPqYkix3Vaq45j2Q5SFXXhV1gYQIiVz2Djb3DaDNBypCsdn3OvfO8JBaNKO863VVpZXVvfKG9WtrZ3dvfs/YOOSlKJSRsnLJG9ECnCKCdtTTUjPSEJikNGuuH4Jve7j0QqmvAHPRHEj9GQ04hipI0U2EfXoUqkyB+w5iEmRijweFoL7KpTd2aAy8QtSBUUaAX2lzdIcBoTrjFDSvVdR2g/Q1JTzMi04qWKCITHaEj6hnIUE+VnswOm8NQoAxgl0hTXcKb+nshQrNQkDk1njPRILXq5+J/XT3V05WeUi1QTjucfRSmDOoF5GnBAJcGaTQxBWFKzK8QjJBHWJrOKCcFdPHmZdBp196J+ft+oNm+LOMrgGJyAM+CCS9AEd6AF2gCDKXgGr+DNerJerHfrY95asoqZQ/AH1ucPKbSWIg==</latexit>

Absorption ↵⌫

<latexit sha1_base64="GCrwl6nkhD25XK6aX23qo+Shn00=">AAACCnicbVC7TgJBFJ3FF+Jr1dJmFEywIbuYqCWJFtJhIo8ECJkdZmHC7Oxm5q7JhlDb+Cs2Fhpj6xfY+TcOsIWCpzo5597ce44XCa7Bcb6tzMrq2vpGdjO3tb2zu2fvHzR0GCvK6jQUoWp5RDPBJasDB8FakWIk8ARreqPrqd98YErzUN5DErFuQAaS+5wSMFLPPq5KYFJzSHAxVNhTfDAEybQ+w4VqryPjQs/OOyVnBrxM3JTkUYpaz/7q9EMaB0wCFUTrtutE0B0TBZwKNsl1Ys0iQkdkwNqGShIw3R3PokzwqVH62Dev+KEEPFN/b4xJoHUSeGYyIDDUi95U/M9rx+BfdcdcRrHJS+eH/FhgCPG0F9znilEQiSGEKm5+xXRIFKFg2suZEtzFyMukUS65F6Xzu3K+cpPWkUVH6AQVkYsuUQXdohqqI4oe0TN6RW/Wk/VivVsf89GMle4coj+wPn8A47WZvg==</latexit>

Intensity (or brightness) I⌫

<latexit sha1_base64="TofFX0BGQHCM/dY6XqOel5rZOi0="></latexit>

Scattering, j⌫ = �⌫

R 1
�1 I

0
⌫(✏

0, µ0)dµ0
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Earth

Atmosphere Interstellar medium A hot source 

Observation Object / Simulation

<latexit sha1_base64="3vxg6Qm5Hxzq9KeJXRDHLInVvFg=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LLaCp5JUUI8FFTxWsB/QhrDZbtu1m03Y3RRK6D/x4kERr/4Tb/4bN20O2vpg4PHeDDPzgpgzpR3n2yqsrW9sbhW3Szu7e/sH9uFRS0WJJLRJIh7JToAV5UzQpmaa004sKQ4DTtvB+Cbz2xMqFYvEo57G1AvxULABI1gbybftu5CpzEWVJ78nkopvl52qMwdaJW5OypCj4dtfvX5EkpAKTThWqus6sfZSLDUjnM5KvUTRGJMxHtKuoQKHVHnp/PIZOjNKHw0iaUpoNFd/T6Q4VGoaBqYzxHqklr1M/M/rJnpw7aVMxImmgiwWDRKOdISyGFCfSUo0nxqCiWTmVkRGWGKiTVglE4K7/PIqadWq7mX14qFWrt/mcRThBE7hHFy4gjrcQwOaQGACz/AKb1ZqvVjv1seitWDlM8fwB9bnD6u5kwo=</latexit>

Emission j⌫

<latexit sha1_base64="I/vbGUj9rXruwwLETh1Snj4reA4=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJFYqqSIgFjEQyMRaIPqYkix3Vaq45j2Q5SFXXhV1gYQIiVz2Djb3DaDNBypCsdn3OvfO8JBaNKO863VVpZXVvfKG9WtrZ3dvfs/YOOSlKJSRsnLJG9ECnCKCdtTTUjPSEJikNGuuH4Jve7j0QqmvAHPRHEj9GQ04hipI0U2EfXoUqkyB+w5iEmRijweFoL7KpTd2aAy8QtSBUUaAX2lzdIcBoTrjFDSvVdR2g/Q1JTzMi04qWKCITHaEj6hnIUE+VnswOm8NQoAxgl0hTXcKb+nshQrNQkDk1njPRILXq5+J/XT3V05WeUi1QTjucfRSmDOoF5GnBAJcGaTQxBWFKzK8QjJBHWJrOKCcFdPHmZdBp196J+ft+oNm+LOMrgGJyAM+CCS9AEd6AF2gCDKXgGr+DNerJerHfrY95asoqZQ/AH1ucPKbSWIg==</latexit>

Absorption ↵⌫

<latexit sha1_base64="GCrwl6nkhD25XK6aX23qo+Shn00=">AAACCnicbVC7TgJBFJ3FF+Jr1dJmFEywIbuYqCWJFtJhIo8ECJkdZmHC7Oxm5q7JhlDb+Cs2Fhpj6xfY+TcOsIWCpzo5597ce44XCa7Bcb6tzMrq2vpGdjO3tb2zu2fvHzR0GCvK6jQUoWp5RDPBJasDB8FakWIk8ARreqPrqd98YErzUN5DErFuQAaS+5wSMFLPPq5KYFJzSHAxVNhTfDAEybQ+w4VqryPjQs/OOyVnBrxM3JTkUYpaz/7q9EMaB0wCFUTrtutE0B0TBZwKNsl1Ys0iQkdkwNqGShIw3R3PokzwqVH62Dev+KEEPFN/b4xJoHUSeGYyIDDUi95U/M9rx+BfdcdcRrHJS+eH/FhgCPG0F9znilEQiSGEKm5+xXRIFKFg2suZEtzFyMukUS65F6Xzu3K+cpPWkUVH6AQVkYsuUQXdohqqI4oe0TN6RW/Wk/VivVsf89GMle4coj+wPn8A47WZvg==</latexit>

Intensity (or brightness) I⌫

<latexit sha1_base64="JE5+eosJjWRXOfUOpBrYorQHNsc=">AAAB/XicbVA7T8MwGHR4lvIKj43FokJiqhKQgI1KMDAWiT6kJqocx2mtOnZkO0glivgdMLEwgBArv4GVjX+D03aAlpMsn+6+Tz5fkDCqtON8W3PzC4tLy6WV8ura+samvbXdVCKVmDSwYEK2A6QIo5w0NNWMtBNJUBww0goGF4XfuiVSUcFv9DAhfox6nEYUI22krr3rBYKFahibK/P6SGcqz7t2xak6I8BZ4k5I5fzzocBjvWt/eaHAaUy4xgwp1XGdRPsZkppiRvKylyqSIDxAPdIxlKOYKD8bpc/hgVFCGAlpDtdwpP7eyFCsioBmMka6r6a9QvzP66Q6OvMzypNUE47HD0Upg1rAogoYUkmwZkNDEJbUZIW4jyTC2hRWNiW401+eJc2jqntSPb52KrVLMEYJ7IF9cAhccApq4ArUQQNgcAeewAt4te6tZ+vNeh+PzlmTnR3wB9bHD+kDmqc=</latexit>

ŝ

<latexit sha1_base64="qecbnLZEaw6AZH/H7IJSUWobKws=">AAAB/XicbVA7T8MwGHR4lvIKj43FokJiqhKQgI1KMDAWiT6kJqocx2mtOnZkO0glivgdMLEwgBArv4GVjX+D03aAlpMsn+6+Tz5fkDCqtON8W3PzC4tLy6WV8ura+samvbXdVCKVmDSwYEK2A6QIo5w0NNWMtBNJUBww0goGF4XfuiVSUcFv9DAhfox6nEYUI22krr3rBYKFahibK/P6SGc8z7t2xak6I8BZ4k5I5fzzocBjvWt/eaHAaUy4xgwp1XGdRPsZkppiRvKylyqSIDxAPdIxlKOYKD8bpc/hgVFCGAlpDtdwpP7eyFCsioBmMka6r6a9QvzP66Q6OvMzypNUE47HD0Upg1rAogoYUkmwZkNDEJbUZIW4jyTC2hRWNiW401+eJc2jqntSPb52KrVLMEYJ7IF9cAhccApq4ArUQQNgcAeewAt4te6tZ+vNeh+PzlmTnR3wB9bHD+FlmqI=</latexit>

n̂ <latexit sha1_base64="V6nWikaY9ItV7SdTdsoyw6pANL0=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMgrqzoAt3VrAXaIeSyZxpQ5PMkGSEMvQh3AhWxK2v4tadb2Om7UKrPwQ+/v8ccs4JEs60cd0vp7C0vLK6VlwvbWxube+Ud/eaOk4VhQaNeazaAdHAmYSGYYZDO1FARMChFQyv8rz1AEqzWN6bUQK+IH3JIkaJsVYr7N4K6JNeueJW3anwX/DmULn8eM41qffKn90wpqkAaSgnWnc8NzF+RpRhlMO41E01JIQOSR86FiURoP1sOu4YH1knxFGs7JMGT92fHRkRWo9EYCsFMQO9mOXmf1knNdGFnzGZpAYknX0UpRybGOe745ApoIaPLBCqmJ0V0wFRhBp7oZI9gre48l9onlS9s+rpnVupXaOZiugAHaJj5KFzVEM3qI4aiKIhekQT9OIkzpPz6rzNSgvOvGcf/ZLz/g1Xl5QO</latexit>

d⌦

<latexit sha1_base64="r4dINiQeXPq5ecbtpdEZnl2K3Do=">AAAB6XicbZDLSsNAFIZP6q3WW9Slm8EiuCqJgrqzoguXVewF2lAmk0k7dDIJMxOhhL6BGxeKduvTuHXn2zhpu9DWHwY+/v8c5pzjJ5wp7TjfVmFpeWV1rbhe2tjc2t6xd/caKk4loXUS81i2fKwoZ4LWNdOcthJJceRz2vQH13nefKRSsVg86GFCvQj3BAsZwdpY98FV1y47FWcitAjuDMqXn++5xrWu/dUJYpJGVGjCsVJt10m0l2GpGeF0VOqkiiaYDHCPtg0KHFHlZZNJR+jIOAEKY2me0Gji/u7IcKTUMPJNZYR1X81nuflf1k51eOFlTCSppoJMPwpTjnSM8rVRwCQlmg8NYCKZmRWRPpaYaHOckjmCO7/yIjROKu5Z5fTOKVdvYKoiHMAhHIML51CFW6hBHQiE8AQv8GoNrGfrzRpPSwvWrGcf/sj6+AGJRZHY</latexit>

dA

<latexit sha1_base64="ywIGjIq5nFZwkEJe7T1gNsY5nv8=">AAACGHicbZDLSgMxFIYz9VbrbdSlm2AruLHOVFCXBV10WcFeYDqWTHqmDc1cSDJCHfoYbnwVNy4Ucdudb2N6A239IfDxn3M4Ob8XcyaVZX0bmZXVtfWN7GZua3tnd8/cP6jLKBEUajTikWh6RAJnIdQUUxyasQASeBwaXv9mXG88gpAsCu/VIAY3IN2Q+YwSpa22ee6A6GJZeEjP7GEB02BMJU1SgZi7lac5uW0zbxWtifAy2DPIo5mqbXPU6kQ0CSBUlBMpHduKlZsSoRjlMMy1EgkxoX3SBUdjSAKQbjo5bIhPtNPBfiT0CxWeuL8nUhJIOQg83RkQ1ZOLtbH5X81JlH/tpiyMEwUhnS7yE45VhMcp4Q4TQBUfaCBUMP1XTHtEEKpTkTkdgr148jLUS0X7snhxV8qXb2dxZNEROkanyEZXqIwqqIpqiKJn9Ire0YfxYrwZn8bXtDVjzGYO0R8Zox9UDpzT</latexit>

[erg s
�1

cm
�2

ster
�1

Hz
�1

]

<latexit sha1_base64="bQv5Kq9pZ36LMIBCKGMM8bVPs3s=">AAACGHicbZDLSgMxFIYz9VbrbdSlm2AruLHOtKAuC7rosoK9QDuWTHqmDWYuJBmhDn0MN76KGxeKuO3OtzHTC2jrD4GP/5zDyfndiDOpLOvbyKysrq1vZDdzW9s7u3vm/kFDhrGgUKchD0XLJRI4C6CumOLQigQQ3+XQdB+u03rzEYRkYXCnhhE4PukHzGOUKG11zfM2iD6WhfvkzB4VMPVTKmuSCsTcrT7NyemaeatoTYSXwZ5BHs1U65rjTi+ksQ+BopxI2batSDkJEYpRDqNcJ5YQEfpA+tDWGBAfpJNMDhvhE+30sBcK/QKFJ+7viYT4Ug59V3f6RA3kYi01/6u1Y+VdOQkLolhBQKeLvJhjFeI0JdxjAqjiQw2ECqb/iumACEJ1KjKnQ7AXT16GRqloXxTLt6V85WYWRxYdoWN0imx0iSqoimqojih6Rq/oHX0YL8ab8Wl8TVszxmzmEP2RMf4BVayc1A==</latexit>

[erg s
�1

cm
�3

ster
�1

Hz
�1

]

<latexit sha1_base64="5tpJuOVl7fHSnNlx7MZf7MAr3Ik=">AAAB8nicbVBNSwMxEJ31s9avqkcvwVbwYtmtoB4LevBYwX7Adi3ZNNuGJpslyQpl6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwoQzbVz321lZXVvf2CxsFbd3dvf2SweHLS1TRWiTSC5VJ8SachbTpmGG006iKBYhp+1wdDP1209UaSbjBzNOaCDwIGYRI9hYyfeJqDxm596kEvRKZbfqzoCWiZeTMuRo9Epf3b4kqaCxIRxr7XtuYoIMK8MIp5NiN9U0wWSEB9S3NMaC6iCbnTxBp1bpo0gqW7FBM/X3RIaF1mMR2k6BzVAvelPxP89PTXQdZCxOUkNjMl8UpRwZiab/oz5TlBg+tgQTxeytiAyxwsTYlIo2BG/x5WXSqlW9y+rFfa1cv83jKMAxnMAZeHAFdbiDBjSBgIRneIU3xzgvzrvzMW9dcfKZI/gD5/MHCxeQdA==</latexit>

[cm�1]

<latexit sha1_base64="s5f/044WaNelJsWUbcK9ZBlLbCM="></latexit>

�⌫ is the absorption coe�cient of the scattering process

<latexit sha1_base64="TofFX0BGQHCM/dY6XqOel5rZOi0="></latexit>

Scattering, j⌫ = �⌫

R 1
�1 I

0
⌫(✏

0, µ0)dµ0
<latexit sha1_base64="d62BDy6d+yb9g3tDoLGWULbfLeM="></latexit>

dE⌫ = I⌫(x, ŝ, ⌫, t)n̂ · ŝdAd⌦d⌫dt



The Transport Equations
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Suggested textbooks
• “Radiative Processes in Astrophysics”, Rybicki & Lightman


• “The Physics of Astrophysics”, Frank Shu
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Review: Basic Radiative Transfer Equation

• Optically thick: 


• Optically thin:
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<latexit sha1_base64="b4DIfHIbhyIhwrQDLXqLTfVSMVs="></latexit>

dI⌫
ds

= �↵⌫I⌫ + j⌫

Or, 

<latexit sha1_base64="4M42hJSr3Fjex+55y8r2SyMKp+8=">AAACHHicbVBNS8MwGE7n15xfVY9egpvgQUa7gXoRBnrwOJn7gLWUNEu3uDQtSSqMsh/ixb/ixYMiXjwI/hvTbgedPhB48jzv+ybv48eMSmVZX0ZhaXllda24XtrY3NreMXf3OjJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1x5eZ370nQtKI36pJTNwQDTkNKEZKS55Zb+WTYJBwnCknsNLyHJ7AC+gEAuH0LrtNUwexeIRyXvHMslW1csC/xJ6TMpij6ZkfziDCSUi4wgxJ2betWLkpEopiRqYlJ5EkRniMhqSvKUchkW6aLzeFR1oZwCAS+nAFc/VnR4pCKSehrytDpEZy0cvE/7x+ooJzN6U8ThThePZQkDCoIpglBQdUEKzYRBOEBdV/hXiEdCZK51nSIdiLK/8lnVrVPq3Wb2rlxtU8jiI4AIfgGNjgDDTANWiCNsDgATyBF/BqPBrPxpvxPistGPOeffALxuc3aI6hmg==</latexit>

Source function, S⌫ = j⌫
↵⌫

<latexit sha1_base64="a0ol7nOweyImG2vdd4QSD5Tsi08=">AAACE3icbVBNSwMxEM3Wr1q/Vj16CVZBRMqugnoRBD14U8HaQreU2WzaBrPZkMwKpfQ/ePGvePGgiFcv3vw3prUHvx4E3rw3w2RerKWwGAQfXmFicmp6pjhbmptfWFzyl1eubZYbxqssk5mpx2C5FIpXUaDkdW04pLHktfjmZOjXbrmxIlNX2NO8mUJHibZggE5q+dvnGl0hacI1dnfoRhIh5K1I5fSIRiB1F0ZFYjdafjmoBCPQvyQckzIZ46Llv0dJxvKUK2QSrG2EgcZmH4zbKPmgFOWWa2A30OENRxWk3Db7o5sGdNMpCW1nxj2FdKR+n+hDam0vjV1nCti1v72h+J/XyLF92OwLpXPkin0taueSYkaHAdFEGM5Q9hwBZoT7K2VdMMDQxVhyIYS/T/5Lrncr4X5l73K3fHw6jqNI1sg62SIhOSDH5IxckCph5I48kCfy7N17j96L9/rVWvDGM6vkB7y3TxScnQg=</latexit>

Optical depth, d⌧⌫ = ↵⌫ds

<latexit sha1_base64="cV5Hze/TgCtdr02lzqgByg8Gk2U=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9mtoJ6koAePFewHdNeSTdM2NJtdkolSlv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL0wE1+C6305uZXVtfSO/Wdja3tndK+4fNHVsFGUNGotYtUOimeCSNYCDYO1EMRKFgrXC0fXUbz0ypXks72GcsCAiA8n7nBKw0kPZB2K6vjT4CnvlbrHkVtwZ8DLxMlJCGerd4pffi6mJmAQqiNYdz00gSIkCTgWbFHyjWULoiAxYx1JJIqaDdHb1BJ9YpYf7sbIlAc/U3xMpibQeR6HtjAgM9aI3Ff/zOgb6l0HKZWKASTpf1DcCQ4ynEeAeV4yCGFtCqOL2VkyHRBEKNqiCDcFbfHmZNKsV77xydlct1W6yOPLoCB2jU+ShC1RDt6iOGogihZ7RK3pznpwX5935mLfmnGzmEP2B8/kDnA6RSQ==</latexit>

⌧⌫ > 1

<latexit sha1_base64="e4mh2K31kJ3NHmxWP1qczUdHFBU=">AAAB9XicbVA9SwNBEN2LXzF+RS1tFhPBKtxFUAuLgBaWEcwH5M6wt9kkS/b2jt1ZJRz5HzYWitj6X+z8N26SKzTxwcDjvRlm5oWJ4Bpc99vJrayurW/kNwtb2zu7e8X9g6aOjaKsQWMRq3ZINBNcsgZwEKydKEaiULBWOLqe+q1HpjSP5T2MExZEZCB5n1MCVnoo+0BM15cGX2Gv3C2W3Io7A14mXkZKKEO9W/zyezE1EZNABdG647kJBClRwKlgk4JvNEsIHZEB61gqScR0kM6unuATq/RwP1a2JOCZ+nsiJZHW4yi0nRGBoV70puJ/XsdA/zJIuUwMMEnni/pGYIjxNALc44pREGNLCFXc3orpkChCwQZVsCF4iy8vk2a14p1Xzu6qpdpNFkceHaFjdIo8dIFq6BbVUQNRpNAzekVvzpPz4rw7H/PWnJPNHKI/cD5/AJkAkUc=</latexit>

⌧⌫ < 1

<latexit sha1_base64="sHtdQxSyHgZJsefnAV1AS3iTQuc=">AAACBXicbVDLSgMxFM3UV62vUZe6CBbBVZmpoC4LunBZwT6gHUomvdOGZpIhyQhl6MaNv+LGhSJu/Qd3/o1pOwttPRA4nHMfuSdMONPG876dwsrq2vpGcbO0tb2zu+fuHzS1TBWFBpVcqnZINHAmoGGY4dBOFJA45NAKR9dTv/UASjMp7s04gSAmA8EiRomxUs89JlqnMWAhsbaaAcXEACdKUtC655a9ijcDXiZ+TsooR73nfnX7ktp5wlBuJ3d8LzFBRpRhlMOk1E01JISOyAA6lgoSgw6y2RUTfGqVPo6ksk8YPFN/d2Qk1noch7YyJmaoF72p+J/XSU10FWRMJKkBQeeLopRjI/E0EtxnCqjhY0sIVcz+FdMhUYTaNHTJhuAvnrxMmtWKf1E5v6uWazd5HEV0hE7QGfLRJaqhW1RHDUTRI3pGr+jNeXJenHfnY15acPKeQ/QHzucPz+qYyQ==</latexit>

assume no scattering process

<latexit sha1_base64="VFyu9VoUShz0Fs40Pum8eeo3B94="></latexit>

Opacity, ⌫ =
↵⌫
⇢ [cm

2
g
�1

]

Recall H. Hirashita’s talkEmissionAbsorption

Special cases: emission or absorption only

<latexit sha1_base64="YIsFdjL59c2rZND43wlEzb40W7I="></latexit>

dI⌫
d⌧⌫

= � (I⌫ � S⌫)



Scattering

• Coherent, isotropic scattering
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<latexit sha1_base64="4aj4BTSGwfw4Uf0L63Vt4qcKb2w="></latexit>

Scattering �⌫

R 1
�1 I

0
⌫(✏

0, µ0)dµ0

<latexit sha1_base64="LGc8zK4wQT/xCecUhJ6vL7JrRhI="></latexit>

dI⌫
ds

= � (↵⌫ + �⌫) (I⌫ � S⌫)

<latexit sha1_base64="RfkbpehNRjpsrO8yxrjJlVLEx5g="></latexit>

S⌫ =
↵⌫j⌫ + �⌫J⌫
↵⌫ + �⌫

Average of two source functions, weighted by 
their respective absorption coefficients

<latexit sha1_base64="apY/nCbV6G6KwPHBqvQxvEN8UeQ=">AAACDXicbZC7TsMwFIYdrqXcAowsFi0SA6qSIgFjJRgYi6AXqa0ixz1JrTpOZDtIVdQXYOFVWBhAiJWdjbfBbTNAy5Esffr/c2yf3084U9pxvq2l5ZXVtfXCRnFza3tn197bb6o4lRQaNOaxbPtEAWcCGpppDu1EAol8Di1/eDXxWw8gFYvFvR4l0ItIKFjAKNFG8uzynSENkokQ0xgC4zAQ+hSXu4qFEfG6Ii17dsmpONPCi+DmUEJ51T37q9uPaRqZmygnSnVcJ9G9jEjNKIdxsZsqSAgdkhA6BgWJQPWy6TZjfGyUPg5iaY7QeKr+nshIpNQo8k1nRPRAzXsT8T+vk+rgspcxkaQaBJ09FKQc6xhPosF9JoFqPjJAqGTmr5gOiCTU5KOKJgR3fuVFaFYr7nnl7LZaql3ncRTQITpCJ8hFF6iGblAdNRBFj+gZvaI368l6sd6tj1nrkpXPHKA/ZX3+AN44m20=</latexit>

Scattering coe�cient, �⌫
<latexit sha1_base64="NMEeMS2275W0DE5wyJedRRHWjBA=">AAACAHicbVDLSgMxFM3UV62vURcu3ARbwYWUmQrqsqALEYQK9gFtKZn0ThuayQxJRhiGbvwVNy4UcetnuPNvTNtZaOuBwOGce7k5x4s4U9pxvq3c0vLK6lp+vbCxubW9Y+/uNVQYSwp1GvJQtjyigDMBdc00h1YkgQQeh6Y3upr4zUeQioXiQScRdAMyEMxnlGgj9eyDOyACM6FBKKaTU1y67XVEXOrZRafsTIEXiZuRIspQ69lfnX5I4wCEppwo1XadSHdTIjWjHMaFTqwgInREBtA2VJAAVDedBhjjY6P0sR9K84TGU/X3RkoCpZLAM5MB0UM1703E/7x2rP3LbspEFJuAdHbIjznWIZ60gftMAtU8MYRQycxfMR0SSag2nRVMCe585EXSqJTd8/LZfaVYvc7qyKNDdIROkIsuUBXdoBqqI4rG6Bm9ojfryXqx3q2P2WjOynb20R9Ynz9bw5Wd</latexit>

Mean intensity, J⌫



Derived from Boltzmann equation
• Consider a cavity containing a gas of particles. The mean number of particles 

in this cavity is


where f is the distribution function. (x,p) is the phase spaces of momentum 
and position coordinates.
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N =

Z
f(x, p, t)d3xd3p,

<latexit sha1_base64="YathmU4gI/PIxe/Lwm4y376PKzU=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahQikzraAboejGlVSwD2jHkslk2tDMTEgy0lK6ceOvuHGhiFv/wZ1/Y6adhbYeSDiccy/33uNyRqWyrG8js7S8srqWXc9tbG5t75i7ew0ZxQKTOo5YJFoukoTRkNQVVYy0uCAocBlpuoOrxG8+ECFpFN6pESdOgHoh9SlGSktd8/AGXsAODRX0C8MiL6oT6N1XhsnHi10zb5WsKeAisVOSBylqXfOr40U4DkioMENStm2LK2eMhKKYkUmuE0vCER6gHmlrGqKASGc8vWICj7XiQT8S+ul9purvjjEKpBwFrq4MkOrLeS8R//PasfLPnTENeaxIiGeD/JhBFcEkEuhRQbBiI00QFlTvCnEfCYSVDi6nQ7DnT14kjXLJrpTKt6f56mUaRxYcgCNQADY4A1VwDWqgDjB4BM/gFbwZT8aL8W58zEozRtqzD/7A+PwBedOWAg==</latexit>



The Boltzmann equation 

• Particles are subject to an external force field “F”


• The Boltzmann equation 

Kuo-Chuan Pan 17

x

p

dx

dp

<latexit sha1_base64="5R3SQs01mYpWcNbAYe0UiGEg980="></latexit>

f(x+ udt,mu+ F dt, t+ dt)� f(x,p, t) = [�f ]coll.
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The Boltzmann equation 

<latexit sha1_base64="eoqyo9iKlT0y017uxZG/bySWHIw="></latexit>

@f

@t
+ ui

@f

@xi
+ Fi

@f

@ui
=


@f

@t

�

coll.

Recall H.-Y. Pu’s talk
<latexit sha1_base64="5R3SQs01mYpWcNbAYe0UiGEg980="></latexit>

f(x+ udt,mu+ F dt, t+ dt)� f(x,p, t) = [�f ]coll.

<latexit sha1_base64="3+JlTe0E0X++1/B/f2A5Nibz6KA="></latexit>

df

dt
=


@f

@t

�

coll.
or

• The evolution of the distribution function in the six dimensional space
<latexit sha1_base64="jHXZ0rMZ1xg43gcU78cfUxaFqiQ=">AAACAnicbVDLSgMxFM3UV62vUVciSLAIFaTMKKgboT4WLqvYB7RDyWQybWgmMyQZsQzFjVs/w40LRdy68RfcufRPzLRdaPVA4Nxz7iX3HjdiVCrL+jQyE5NT0zPZ2dzc/MLikrm8UpVhLDCp4JCFou4iSRjlpKKoYqQeCYICl5Ga2z1N/do1EZKG/Er1IuIEqM2pTzFSWmqZa7xws6O24RFsUq6gr6sorb2oZeatojUA/EvsEcmXji/v3zdOvsot86PphTgOCFeYISkbthUpJ0FCUcxIP9eMJYkQ7qI2aWjKUUCkkwxO6MMtrXjQD4V+eo+B+nMiQYGUvcDVnQFSHTnupeJ/XiNW/qGTUB7FinA8/MiPGVQhTPOAHhUEK9bTBGFB9a4Qd5BAWOnUcjoEe/zkv6S6W7T3i3sXOo0zMEQWrINNUAA2OAAlcA7KoAIwuAUP4Ak8G3fGo/FivA5bM8ZoZhX8gvH2DVy8mIc=</latexit>

n(x, t) =

Z
f(x, p, t)dp

<latexit sha1_base64="1wwcCUVH8WlDl59gByKI0EOPhcQ=">AAACCHicbVDLSgMxFM3UV62vUZeCBotQQcqMgroR6mPhsop9QGcomTTThmYmQ5IRy9ClG8EvceNCEZf6Ce5c+idm2i60eiBwcs693HuPFzEqlWV9GpmJyanpmexsbm5+YXHJXF6pSh4LTCqYMy7qHpKE0ZBUFFWM1CNBUOAxUvO6p6lfuyZCUh5eqV5E3AC1Q+pTjJSWmuaGIzocFm521DY8gg4NFQygr/9RqrSippm3itYA8C+xRyRfOr68f1s/+So3zQ+nxXEckFBhhqRs2Fak3AQJRTEj/ZwTSxIh3EVt0tA0RAGRbjI4pA+3tNKCPhf66U0G6s+OBAVS9gJPVwZIdeS4l4r/eY1Y+YduQsMoViTEw0F+zKDiME0FtqggWLGeJggLqneFuIMEwkpnl9Mh2OMn/yXV3aK9X9y70GmcgSGyYA1sggKwwQEogXNQBhWAwS14AE/g2bgzHo0X43VYmjFGPavgF4z3b09lmqc=</latexit>

⇢(x, t) =

Z
mf(x, p, t)dp

<latexit sha1_base64="zU3+DvMEGsCnyqWpvB/sbEvCK4w=">AAACBXicbZDLSgMxFIYz9VbrbdSlIsEiVJAyo6BuhHpZuKxiL9AOJZNm2tDMTEgyxTJ048aV7+HGhSJuxVdw59I3MdN2oa0/BH6+cw4553c5o1JZ1peRmpqemZ1Lz2cWFpeWV8zVtbIMI4FJCYcsFFUXScJoQEqKKkaqXBDku4xU3M55Uq90iZA0DG5UjxPHR62AehQjpVHD3OzmbvfULjyBdRoo6EfQ04AnqMkbZtbKWwPBSWOPTLZwev3wsXX2XWyYn/VmiCOfBAozJGXNtrhyYiQUxYz0M/VIEo5wB7VITdsA+UQ68eCKPtzRpAm9UOinVxnQ3xMx8qXs+a7u9JFqy/FaAv+r1SLlHTsxDXikSICHH3kRgyqESSSwSQXBivW0QVhQvSvEbSQQVjq4jA7BHj950pT38/Zh/uBKp3EBhkqDDbANcsAGR6AALkERlAAGd+ARPIMX4954Ml6Nt2FryhjNrIM/Mt5/AHkvma8=</latexit>

v(x, t) =

Z
muf(x, p, t)dp

Number  density

Mass density

Bulk velocity



Kuo-Chuan Pan 19

The Boltzmann equation 
• When collisions are “elastic” and the density of the medium is low enough for 

collisions involving more than two particles to be neglected


• Then, in absence of external force, f is obtained from statistical mechanism 
and is given by the Maxwellian velocity distribution

<latexit sha1_base64="MMza35QratwN5dwS1dYNkhHLrIA="></latexit>

f(x,u, t)du = n(x, t)


m

2⇡kT (x, t)

� 3
2

exp


�m(u� v)2

2kT (x, t)

�

* Using the same concept, we could derive the hydrodynamics equations as well 



• Photon transport:  
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The Boltzmann equation for photons

<latexit sha1_base64="eoqyo9iKlT0y017uxZG/bySWHIw="></latexit>

@f

@t
+ ui

@f

@xi
+ Fi

@f

@ui
=


@f

@t

�

coll.

<latexit sha1_base64="086drVoW6wvSIJ/Yc4uhaxgdwHM="></latexit>

dE⌫ = h⌫f�(x,p, t)dxdp

<latexit sha1_base64="d62BDy6d+yb9g3tDoLGWULbfLeM="></latexit>

dE⌫ = I⌫(x, ŝ, ⌫, t)n̂ · ŝdAd⌦d⌫dt

<latexit sha1_base64="JE5+eosJjWRXOfUOpBrYorQHNsc=">AAAB/XicbVA7T8MwGHR4lvIKj43FokJiqhKQgI1KMDAWiT6kJqocx2mtOnZkO0glivgdMLEwgBArv4GVjX+D03aAlpMsn+6+Tz5fkDCqtON8W3PzC4tLy6WV8ura+samvbXdVCKVmDSwYEK2A6QIo5w0NNWMtBNJUBww0goGF4XfuiVSUcFv9DAhfox6nEYUI22krr3rBYKFahibK/P6SGcqz7t2xak6I8BZ4k5I5fzzocBjvWt/eaHAaUy4xgwp1XGdRPsZkppiRvKylyqSIDxAPdIxlKOYKD8bpc/hgVFCGAlpDtdwpP7eyFCsioBmMka6r6a9QvzP66Q6OvMzypNUE47HD0Upg1rAogoYUkmwZkNDEJbUZIW4jyTC2hRWNiW401+eJc2jqntSPb52KrVLMEYJ7IF9cAhccApq4ArUQQNgcAeewAt4te6tZ+vNeh+PzlmTnR3wB9bHD+kDmqc=</latexit>

ŝ

<latexit sha1_base64="qecbnLZEaw6AZH/H7IJSUWobKws=">AAAB/XicbVA7T8MwGHR4lvIKj43FokJiqhKQgI1KMDAWiT6kJqocx2mtOnZkO0glivgdMLEwgBArv4GVjX+D03aAlpMsn+6+Tz5fkDCqtON8W3PzC4tLy6WV8ura+samvbXdVCKVmDSwYEK2A6QIo5w0NNWMtBNJUBww0goGF4XfuiVSUcFv9DAhfox6nEYUI22krr3rBYKFahibK/P6SGc8z7t2xak6I8BZ4k5I5fzzocBjvWt/eaHAaUy4xgwp1XGdRPsZkppiRvKylyqSIDxAPdIxlKOYKD8bpc/hgVFCGAlpDtdwpP7eyFCsioBmMka6r6a9QvzP66Q6OvMzypNUE47HD0Upg1rAogoYUkmwZkNDEJbUZIW4jyTC2hRWNiW401+eJc2jqntSPb52KrVLMEYJ7IF9cAhccApq4ArUQQNgcAeewAt4te6tZ+vNeh+PzlmTnR3wB9bHD+FlmqI=</latexit>

n̂ <latexit sha1_base64="V6nWikaY9ItV7SdTdsoyw6pANL0=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMgrqzoAt3VrAXaIeSyZxpQ5PMkGSEMvQh3AhWxK2v4tadb2Om7UKrPwQ+/v8ccs4JEs60cd0vp7C0vLK6VlwvbWxube+Ud/eaOk4VhQaNeazaAdHAmYSGYYZDO1FARMChFQyv8rz1AEqzWN6bUQK+IH3JIkaJsVYr7N4K6JNeueJW3anwX/DmULn8eM41qffKn90wpqkAaSgnWnc8NzF+RpRhlMO41E01JIQOSR86FiURoP1sOu4YH1knxFGs7JMGT92fHRkRWo9EYCsFMQO9mOXmf1knNdGFnzGZpAYknX0UpRybGOe745ApoIaPLBCqmJ0V0wFRhBp7oZI9gre48l9onlS9s+rpnVupXaOZiugAHaJj5KFzVEM3qI4aiKIhekQT9OIkzpPz6rzNSgvOvGcf/ZLz/g1Xl5QO</latexit>

d⌦

<latexit sha1_base64="r4dINiQeXPq5ecbtpdEZnl2K3Do=">AAAB6XicbZDLSsNAFIZP6q3WW9Slm8EiuCqJgrqzoguXVewF2lAmk0k7dDIJMxOhhL6BGxeKduvTuHXn2zhpu9DWHwY+/v8c5pzjJ5wp7TjfVmFpeWV1rbhe2tjc2t6xd/caKk4loXUS81i2fKwoZ4LWNdOcthJJceRz2vQH13nefKRSsVg86GFCvQj3BAsZwdpY98FV1y47FWcitAjuDMqXn++5xrWu/dUJYpJGVGjCsVJt10m0l2GpGeF0VOqkiiaYDHCPtg0KHFHlZZNJR+jIOAEKY2me0Gji/u7IcKTUMPJNZYR1X81nuflf1k51eOFlTCSppoJMPwpTjnSM8rVRwCQlmg8NYCKZmRWRPpaYaHOckjmCO7/yIjROKu5Z5fTOKVdvYKoiHMAhHIML51CFW6hBHQiE8AQv8GoNrGfrzRpPSwvWrGcf/sj6+AGJRZHY</latexit>

dA

<latexit sha1_base64="FIuwYglFPuRia9Kgqy5g5kOaZ08=">AAAB83icbVC7SgNBFL0bXzG+opY2g0G0CrsKaiMEtNAugnlAdomzk9lkcGZ2mZkVwpLfsLFQxNba/7DzByz9BiePQhMPXDiccy/33hMmnGnjup9Obm5+YXEpv1xYWV1b3yhubtV1nCpCayTmsWqGWFPOJK0ZZjhtJopiEXLaCO/Oh37jnirNYnlj+gkNBO5KFjGCjZX8CJ2hqO13sRC4XSy5ZXcENEu8CSlV9q++vt9zt9V28cPvxCQVVBrCsdYtz01MkGFlGOF0UPBTTRNM7nCXtiyVWFAdZKObB2jPKh0UxcqWNGik/p7IsNC6L0LbKbDp6WlvKP7ntVITnQYZk0lqqCTjRVHKkYnRMADUYYoSw/uWYKKYvRWRHlaYGBtTwYbgTb88S+qHZe+4fHRt07iAMfKwA7twAB6cQAUuoQo1IJDAAzzBs5M6j86L8zpuzTmTmW34A+ftB9OAlJw=</latexit>

f = f�

<latexit sha1_base64="k69gJH9XdX2HKbkU+cRsbD08iX8="></latexit>

I⌫ = (h⌫/c)(h2⌫)f� =
h4⌫3

c2
f� = C1f�

Recall H.-Y. Pu’s talk
<latexit sha1_base64="5R3SQs01mYpWcNbAYe0UiGEg980="></latexit>

f(x+ udt,mu+ F dt, t+ dt)� f(x,p, t) = [�f ]coll.

<latexit sha1_base64="3+JlTe0E0X++1/B/f2A5Nibz6KA="></latexit>

df

dt
=


@f

@t

�

coll.
or

Recall H. Hirashita’s talk



• Photon transport:  

Kuo-Chuan Pan 21

Photon Transport Equation
<latexit sha1_base64="eoqyo9iKlT0y017uxZG/bySWHIw="></latexit>

@f

@t
+ ui

@f

@xi
+ Fi

@f

@ui
=


@f

@t

�

coll.

<latexit sha1_base64="FIuwYglFPuRia9Kgqy5g5kOaZ08=">AAAB83icbVC7SgNBFL0bXzG+opY2g0G0CrsKaiMEtNAugnlAdomzk9lkcGZ2mZkVwpLfsLFQxNba/7DzByz9BiePQhMPXDiccy/33hMmnGnjup9Obm5+YXEpv1xYWV1b3yhubtV1nCpCayTmsWqGWFPOJK0ZZjhtJopiEXLaCO/Oh37jnirNYnlj+gkNBO5KFjGCjZX8CJ2hqO13sRC4XSy5ZXcENEu8CSlV9q++vt9zt9V28cPvxCQVVBrCsdYtz01MkGFlGOF0UPBTTRNM7nCXtiyVWFAdZKObB2jPKh0UxcqWNGik/p7IsNC6L0LbKbDp6WlvKP7ntVITnQYZk0lqqCTjRVHKkYnRMADUYYoSw/uWYKKYvRWRHlaYGBtTwYbgTb88S+qHZe+4fHRt07iAMfKwA7twAB6cQAUuoQo1IJDAAzzBs5M6j86L8zpuzTmTmW34A+ftB9OAlJw=</latexit>

f = f�

<latexit sha1_base64="jcvLj4xAIy4thWI5oCFotJXHi48="></latexit>

1

C1


@I⌫
@t

+ c(ŝ ·r)I⌫

�
=

1

C1


@f

@t

�

coll.

<latexit sha1_base64="il2q33IpUQlQnP+UIUovGYbkGh8=">AAACEXicbVDLSgMxFM3UV62vUZdugq3QVZmpoG6EgiKupIJ9QDuUTCbThmaSIckoZegvuPFX3LhQxK07d/6NmbYLbT2bHM65l5x7/JhRpR3n28otLa+sruXXCxubW9s79u5eU4lEYtLAggnZ9pEijHLS0FQz0o4lQZHPSMsfXmR+655IRQW/06OYeBHqcxpSjLSRena51PUFC9QoMk96NT53SjAUEt6QBy04RRzGA2GY6tlFp+JMABeJOyNFMEO9Z391A4GTiHCNGVKq4zqx9lIkNcWMjAvdRJEY4SHqk46hHEVEeenkojE8MkowCRIKruFE/b2Rokhlmc1khPRAzXuZ+J/XSXR45qWUx4kmHE8/ChMGtYBZPTCgkmDNRoYgLKnJCvEASYS1KbFgSnDnT14kzWrFPakc31aLtctZHXlwAA5BGbjgFNTANaiDBsDgETyDV/BmPVkv1rv1MR3NWbOdffAH1ucPDHudLg==</latexit>

F = 0 for Newtonian photons

<latexit sha1_base64="mzYrQT6h3tAn0odDvOzeD7ymync=">AAACHHicbVDLSsNAFJ3UV62vqEs3g60gKCVpQd0IBRVcVrAPaEKZTCft0MkkzEzEEvohbvwVNy4UceNC8G+cpFlo9cDAuefcy517vIhRqSzryygsLC4trxRXS2vrG5tb5vZOW4axwKSFQxaKrockYZSTlqKKkW4kCAo8Rjre+CL1O3dESBryWzWJiBugIac+xUhpqW/Wr+4V5TgtjmHFIZGkTOsOj8+hI+kwQCmHR9BBLBplRaVvlq2qlQH+JXZOyiBHs29+OIMQxwHhCjMkZc+2IuUmSCiKGZmWnFiSCOExGpKephwFRLpJdtwUHmhlAP1Q6McVzNSfEwkKpJwEnu4MkBrJeS8V//N6sfLP3ITyKFaE49kiP2ZQhTBNCg6oIFixiSYIC6r/CvEICYSVzrOkQ7DnT/5L2rWqfVKt39TKjcs8jiLYA/vgENjgFDTANWiCFsDgATyBF/BqPBrPxpvxPmstGPnMLvgF4/Mb0GqhMQ==</latexit>

Extinction, ✏⌫ = �⌫ + ↵⌫

<latexit sha1_base64="f/IxYFrQFhqRn2L2CQktC0VOPKM="></latexit>

1

c

@I⌫
@t

+ ŝ ·rI⌫ = �✏⌫I⌫ + j⌫ + [Other scattering terms]



Moments of the Boltzmann equation for Photons

• The moments of the Boltzmann equation define the dynamical equations for 
the radiation field.
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<latexit sha1_base64="WUhMMNU4tNKoYfZyDPopmXP3Dzk="></latexit>

J⌫ =
1

4⇡

Z

4⇡
I⌫d⌦,

<latexit sha1_base64="rKEEeiwOPPT57CVVGDlqDFiWqIk="></latexit>

H
i
⌫ =

1

4⇡

Z

4⇡
I⌫sid⌦,

<latexit sha1_base64="I0GuXmNoY25PAiOOGU6nNSiP98c="></latexit>

Kij
⌫ =

1

4⇡

Z

4⇡
I⌫sisjd⌦,

0 th moment: mean Intensity

1st moment: radiation flux

2nd moment: tensor

Radiation energy equation

Radiation momentum equation

<latexit sha1_base64="dzBXpBrOBLk8v4D0kCNRdYR7qfI="></latexit>

1

c

@H
i
⌫

@t
+
X

j

K
ij
⌫

@xj
+ ✏⌫⇢H

i
⌫ = 0

Additional closure relations are necessary for “Kij”

<latexit sha1_base64="7cBPZG6bwEXK7rahx45ya5nUlgs="></latexit>

1

c

@J⌫
@t

+r ·H⌫ + ↵⌫⇢(J⌫ �B⌫) = 0



Example: Optically thick limit
• e.g. the interior of a star, mean free path is much less than the radius of the 

star —> local thermodynamics equilibrium (LTE)

Kuo-Chuan Pan 23

<latexit sha1_base64="dzBXpBrOBLk8v4D0kCNRdYR7qfI="></latexit>

1

c

@H
i
⌫

@t
+
X

j

K
ij
⌫

@xj
+ ✏⌫⇢H

i
⌫ = 0

<latexit sha1_base64="7cBPZG6bwEXK7rahx45ya5nUlgs="></latexit>

1

c

@J⌫
@t

+r ·H⌫ + ↵⌫⇢(J⌫ �B⌫) = 0

<latexit sha1_base64="/jPTAMkSiyq268MJqwNsXxI6wlw=">AAACFnicbZDLSgMxFIYz9VbrrerSTbAV6sIyU0HdCEVd6K5ib9AZhkyatqFJZkgyQil9Cje+ihsXirgVd76NmWkXWj0Q+Pj/czg5fxAxqrRtf1mZhcWl5ZXsam5tfWNzK7+901RhLDFp4JCFsh0gRRgVpKGpZqQdSYJ4wEgrGF4mfuueSEVDUdejiHgc9QXtUYy0kfz8UfHGd0UMXUU5vEiwVD8sQiS6sHiXOudTGSa6ny/YZTst+BecGRTArGp+/tPthjjmRGjMkFIdx460N0ZSU8zIJOfGikQID1GfdAwKxInyxulZE3hglC7shdI8oWGq/pwYI67UiAemkyM9UPNeIv7ndWLdO/PGVESxJgJPF/ViBnUIk4xgl0qCNRsZQFhS81eIB0girE2SOROCM3/yX2hWys5J+fi2UqhezeLIgj2wD0rAAaegCq5BDTQABg/gCbyAV+vRerberPdpa8aazeyCX2V9fAOTDpvc</latexit>

I⌫ ⇠ B⌫(T ) and S⌫ = B⌫(T )

Equilibrium (thermal timescale is long)

0

0

<latexit sha1_base64="qN20doFt3j78QJ8Glk8kEaGGdUc=">AAACF3icbVDJSgNBEO1xjXGLevTSmAiewoyCehT0IHqJYBbIhNDT6Uma9DJ01whhyF948Ve8eFDEq978GzvLQRMfFDzeq6KqXpQIbsH3v72FxaXlldXcWn59Y3Nru7CzW7M6NZRVqRbaNCJimeCKVYGDYI3EMCIjwepR/3Lk1x+YsVyrexgkrCVJV/GYUwJOahfKREhtAXOrweiEU1y6bYcqxaHlEoexITQLhtnJ8GakltqFol/2x8DzJJiSIpqi0i58hR1NU8kUUEGsbQZ+Aq2MGOBUsGE+TC1LCO2TLms6qohktpWN/xriQ6d0cKyNKwV4rP6eyIi0diAj1ykJ9OysNxL/85opxOetjKskBaboZFGcCgwaj0LCHW4YBTFwhFDD3a2Y9ojLAlyUeRdCMPvyPKkdl4PT8sndcfHiahpHDu2jA3SEAnSGLtA1qqAqougRPaNX9OY9eS/eu/cxaV3wpjN76A+8zx9ucZ91</latexit>

almost isotropic K⌫ ⇠ 1
3J⌫

<latexit sha1_base64="YFloh6GdqhjRvVjgwrkhZWnpG/s="></latexit>

H⌫ = � 1

⇢↵⌫
r ·K⌫ = � 1

3⇢↵⌫

@B⌫

@T
rT

<latexit sha1_base64="ooTW/JsxE3UyBdmKpZI2OYn/4HE=">AAACIHicbVDLSgMxFM34tr5GXboJtoKrMlNF3QgFRVwqWC106pDJZNrQTGZI7ghl6Ke48VfcuFBEd/o1ZtoutPVAyMm553JzT5AKrsFxvqyZ2bn5hcWl5dLK6tr6hr25dauTTFHWoIlIVDMgmgkuWQM4CNZMFSNxINhd0Dsr6ncPTGmeyBvop6wdk47kEacEjOTbx5UL35MZPsWH2Es5vixeFUxkiCsXp9jjEnzn3lwR9PHIGhYO3y47VWcIPE3cMSmjMa58+9MLE5rFTAIVROuW66TQzokCTgUblLxMs5TQHumwlqGSxEy38+GCA7xnlBBHiTJHAh6qvztyEmvdjwPjjAl09WStEP+rtTKITto5l2kGTNLRoCgTGBJcpIVDrhgF0TeEUMXNXzHtEkUomExLJgR3cuVpclurukfVg+tauX4+jmMJ7aBdtI9cdIzq6BJdoQai6BE9o1f0Zj1ZL9a79TGyzljjnm30B9b3D73BoFA=</latexit>

F⌫ = 4⇡H⌫ and F =
R1
0 F⌫d⌫

<latexit sha1_base64="/iZbg4t4Zwo76au9LNhNBq92l5w="></latexit>

F = � 4⇡

3⇢↵⌫
rT

Z 1

0

@B⌫

@T
d⌫ = � 4⇡

3⇢↵⌫
r(aT 4)

Diffusion approximation



Numerical methods for solving 
transport equations
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Codes and Methods
• “Numerical methods in Astrophysics”, Bodenheimer et al.


• Astrophysics Source Code Library (http://ascl.net/)


• Odssey.edu (https://odysseyedu.wordpress.com/) by H.-Y. Pu


• More …
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Pu and Yun (2016)http://ascl.netBodenheimer et al.

http://ascl.net/


Numerical Challenging 
• Can be time-dependent or time independent


• Can be coupled with gas (hydro/mhd) or via post-processing


• (magneto-) hydrodynamics: 4D (t, x, y, z)


• Radiation transport: 7D (t, x, y, z, theta, phi, e/f) —> slow to compute


• If 100 gird points in each dimension —> 1012 points per time step (~ 8TB)


• Could have a wide opacity range (from optically thin to thick)


• Additional complexity from multi-dimensional fluids


• Approximations are usually necessary
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Numerical approaches - Outline

• Efficient / Ad-hoc / Poor: polytropic EoS


• Tabulated heating /cooling


• Photon/Neutrino leakage 


• Flux-limited diffusion 


• Ray-tracing 


• Moment schemes


• Boltzmann transport 
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Non-transport: Isothermal Equation of State(EoS)

• If radiative cooling is so efficient that the isothermal assumption is applicable


• Simply use the isothermal EoS (gamma=1) or polytropic EoS (gamma >~ 1) 

Kuo-Chuan Pan 28Zhang et al. (2020)

Planet-disk interaction simulations (Tc is the cooling parameter)



• Add the cooling curve (from a table or a formula) in the energy equation. 

Non-transport: Tabulated heating/cooling
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Schure et al. (2009)



• The leakage scheme provides approximate energy and number emission/
absorption rates based on local thermodynamics and the optical depth.


• The rate of energy emission cab be determined by the interpolation between 
two limiting regimes


• The optical depth requires a non-local calculation

Non-transport: Leakage scheme

Kuo-Chuan Pan 30
Couch & O’Connor (2013)



Rad.-transport: FLD
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Frad (or F), radiation flux integrated over frequency
B, the Planck function integrated over frequency
u, energy density in the radiation field



• Diffusion Approximation (optically thick limits)


• Frequency integrated (gray) or with different frequency bins (multi-groups) 

Rad.-transport: FLD (conti.)
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• In the optical thin limit, flux becomes unphysical large 


• We need to adjust lambda in optically thin limit (need a flux limiter)
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• Flux-limited diffusion


• Define a dimensionless quantity R

Rad.-transport: FLD (conti.)
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Levermore & Pomraniy (1981)
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• The moment equations describes the radiation fields, which are related to the 
energy, energy flux, and radiation pressure


• Consider up to the 1st moment (or M0) —> FLD


• Consider up to the 2nd moment with assumptions of closure (M1, variable 
Eddington tensor)


• Multi-energy M1 scheme could be very expensive !!!

Rad.-transport: Moments methods
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• Three neutrino species


• M1 scheme with 12 energy bins


• 3 (species) x 4 (1 energy + 3D flux) 
x (12 energy bins) = 144 radiation 
variables


• Takes > 10M core-hours

Rad.-transport: Moments methods
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O’Connor & Couch (2018)



• Usually via post-processing


• Write the transfer equation in Lagrangian coordinates 

Rad.-transport: Ray-tracing methods

Kuo-Chuan Pan 36

<latexit sha1_base64="v9xYrEz292FqAWFldZXI915DFaw=">AAACFXicbVDLSsNAFJ34rPVVdelmsAgutCQKVRCloAvdVbAPaEKZTCbt2MkkzEyEGvoTbvwAl/6AGxeKuBXc+TdO0i609cDAuefcy5173IhRqUzz25ianpmdm88t5BeXlldWC2vrdRnGApMaDlkomi6ShFFOaooqRpqRIChwGWm4vbPUb9wSIWnIr1U/Ik6AOpz6FCOlpXZh1/YFwol32bZ5PEg8OYAn8CYt4B60EYu6KCsyv10omiUzA5wk1ogUK8ePjdOn8l21XfiyvRDHAeEKMyRlyzIj5SRIKIoZGeTtWJII4R7qkJamHAVEOkl21QBua8WDfij04wpm6u+JBAVS9gNXdwZIdeW4l4r/ea1Y+UdOQnkUK8LxcJEfM6hCmEYEPSoIVqyvCcKC6r9C3EU6JqWDzOsQrPGTJ0l9v2SVSwdXOo1zMEQObIItsAMscAgq4AJUQQ1gcA+ewSt4Mx6MF+Pd+Bi2ThmjmQ3wB8bnD6kVoXo=</latexit>

dI⌫
ds
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• Shoot a discrete set of light rays from a point source, solving the transfer 
equation along the path of the light ray.


• The difficulty is then to choose the appropriate number of rays (adaptive ray-
tracing method)


• Use Monte-Carlo approach (short or long characteristic)



Rad.-transport: Ray-tracing methods
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Wise et al. 2009



Microphysics
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• How about opacity, emissivity, and mean free path?


• These depend on complex microphysics which itself depends on the 
transport of the radiation field


• Usually stored in a table (atomic data, chemical network, eos) ~GB


• Could assume LTE (Saha eq.) or non-LTE (solve reaction network)



Benchmarks
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• Free streaming shadow test

O’Connor & Couch (2018)

Bloch et al. (2020)

M1 (computed eigenvalues)

M1 (fixed eigenvalues)

P1 model



GRMHD + post-precessing ray tracing
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Shiokawa et al. (2017)  Alberdi et al. (2019)

Supermassive BH in M87 Recall H.-Y. K. Yang’s talk



Numerical approaches - Outline
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Non- Transport

• Polytropic EoS


• Tabulated heating /cooling


• Photon/Neutrino leakage 


Radiation Transport

Optically thick Optically thin

Simple

Hard

Gray-FLD
Ray-Tracing

Multi-groups-FLD

IDSA

M1

Boltzmann solver
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Summary
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Application: Supernova with 
Neutrino Transport
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Application: Core-Collapse supernovae
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• Neutrino Transport (not photons)


• Not only supernovae, but also neutron star mergers, … etc.


• Neutrinos are fermions  (photons are bosons)


• Neutrinos have difference flavors (and anti-neutrinos)


• Relativistic effects can not be ignored 


• Complicated neutrino interactions (oscillations?)


• Cover both optically thick and thin

Recall H-Y Karen Yang’s talk



Star-forming nebula

Neutron star

Black hole

Core-Collapse supernova

Protostar

Massive stars

Red supergiant

Red giant

Planetary nebula

White dwarf

Red dwarf

Blue dwarf

Black dwarf

Low-mass stars

46Kuo-Chuan Pan

Stellar evolution 100

Thermonuclear supernova



Accretion

47

Iron core

~ 2000 km

Proto Neutron Star

~ 30 km

d ~ 1010 g/cm^3 
T ~ 1 MeV ~ 1010K 
Ye ~ 0.5

L⌫
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Neutrinos

Core-Collapse Supernova

M > ~ 8 solar mass stars
47



Accretion

48

Iron core

~ 2000 km

Proto Neutron Star

~ 30 km

d ~ 1010 g/cm^3 
T ~ 1 MeV ~ 1010K 
Ye ~ 0.5

L⌫
<latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit><latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit><latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit><latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit>

L⌫
<latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit><latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit><latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit><latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit>

Neutrinos

Core-Collapse Supernova

48Kuo-Chuan Pan



Accretion

49
d ~ 1010 g/cm^3 
T ~ 1 MeV ~ 1010K 
Ye ~ 0.5

L⌫
<latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit><latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit><latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit><latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit>

L⌫
<latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit><latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit><latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit><latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit>

Neutrinos

Core-Collapse Supernova

Iron core

~ 2000 km

Proto Neutron Star

~ 30 km

49Kuo-Chuan Pan
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Iron core

~ 2000 km

Proto Neutron Star

~ 30 km

d ~ 1010 g/cm^3 
T ~ 1 MeV ~ 1010K 
Ye ~ 0.5

Core-Collapse Supernova
Accretion

L⌫
<latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit><latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit><latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit><latexit sha1_base64="xT8vNJ7yeXo7v5yp3jimfyzhxGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFUxbaEPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1QmpRsEl+oYbgZ1UIY1Dge1wfDvz20+oNE/ko5mkGMR0KHnEGTVW8u/7PZn1qzW37s5BVolXkBoUaParX71BwrIYpWGCat313NQEOVWGM4HTSi/TmFI2pkPsWippjDrI58dOyZlVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmn5MBV8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3UPbfuPVzWGjdFHGU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/rj2Olg==</latexit>
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Neutrinos
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Shock stalled at ~ 150 km !!!
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The Supernova Problem
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Why does the shock stall?
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Neutrino Matter Interactions
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Neutrino Luminoisty
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Supernova mechanism
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• Collapse to neutron star ~ 300 B


• 1B kinetic and internal energy of the ejecta (or ~10B for 
hypernova)


• 99% of the energy is radiated as neutrinos over hundreds of 
seconds as the protoneutron star cools


• Explosion mechanism must tap the gravitational energy 
reservoir and convert the necessary fraction into energy of the 
explosion.



Outline
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Compositions



Gravitational wave from CCSNe
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Summary

Kuo-Chuan Pan 59


